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Using the generalized Schwinger-DeWitt technique, we calculate the divergent part of the one-loop
effective action for gravity non-minimally coupled to a multiplet of scalar fields. All the calculations
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I. INTRODUCTION
One of the main problems in quantum field theory is
the appearance of ultraviolet divergences and the neces-
sity of their renormalization (see e.g. [1–3]). However,
the quantum field divergences are not only the cause of
troubles, but can also be an important source of informa-
tion. The requirement of renormalization invariance, i.e.
the independence of the physically measurable quanti-
ties of the parametrization of the renormalization proce-
dure, requires that the renormalization group equations
[1, 4, 5] are fulfilled. Their solutions permit in turn to
connect the values of the physical quantities under study
at different energy scales. The theory of renormaliza-
tion works very well for renormalizable theories, where all
the divergences can be eliminated by means of introduc-
ing a finite number of counterterms to the Lagrangian.
But its application becomes problematic in the case of
non-renormalizable theories, where the number of diver-
gent structures is unlimited. As it is well known, quan-
tum gravity is a non-renormalizable theory [6–8]. Indeed,
the gravitational coupling constant has mass dimension
minus two. Thus, the Feynman diagrams, which con-
tain a growing number of graviton loops, lead formally
to an infinite set of different counterterms. As regards
pure gravity theory, it was shown that at the one-loop
level no physically relevant divergences remain on mass
shell; all of them can be absorbed by a field redefini-
tion [9]. However, at the two-loop level, pure gravity is
non-renormalizable [11]. If gravity interacts with matter,
namely with a scalar field, it becomes non-renormalizable
already in the one-loop approximation [9]. For the sit-
uation of renormalizability in the presence of SUSY see
e.g. [10].
Nevertheless, from the effective field theory point of
view [3] it makes sense to work with the usual non-
renormalizable Einstein gravity and to apply such a use-
ful tool as the renormalization group equations. Wein-
berg has suggested that concepts like asymptotic safety
could be very fruitful in the application of the renormal-
ization group to quantum gravity [7]. A theory is con-
sidered to be asymptotically safe if “essential coupling
parameters” approach a non-trivial fixed point as the
momentum scale goes to infinity. Asymptotic safety can
be treated as a generalization of the notion of renormal-
izability, which fixes all but a finite number of coupling
constants of a theory. Nowadays, the study of asymptotic
safety and fixed points in quantum gravity has undergone
an immense development [12–15].
It is also worth noticing that the standard formalism
of the renormalization group can be generalized to the
case of non-renormalizable theories [16]. This procedure
looks especially natural in the framework of dimensional
regularization [17].
The study of the interaction of gravity with matter is
important from both the theoretical and phenomenolog-
ical point of view. First of all, let us notice that consid-
ering the Einstein theory in the presence of a scalar field,
it is natural not to limit ourselves by just introducing
the metric into the kinetic term for the scalar field (the
so-called minimal interaction), but to accept the modifi-
cation of the Einstein-Hilbert curvature term by adding
a term proportional to Rφ2, where R is the scalar cur-
vature and φ is a scalar field. Indeed, such a structure
arises in a natural way as a one-loop quantum correction
to the Lagrangian of the scalar field in a curved space-
time, a fact that has stimulated the elaboration of the
theory of induced gravity [18, 19]. Furthermore, it was
noticed that cosmological models with non-minimal cou-
pling between an inflaton scalar field and gravity have
some advantages compared to inflationary models based
on a minimally coupled inflaton scalar field [20–23]. The
models with non-minimal coupling were considered also
in the framework of one-loop quantum cosmology [24–26]
to study the properties of the no-boundary [27, 28] and
tunneling [29–32] wave functions of the universe.
While old cosmological models with a non-minimally
coupled scalar field [20]-[26] have explicitly or implicitly
associated such a field with Grand Unification Theories,
recently the idea was put forward that the non-minimally
coupled inflaton scalar field is the Standard Model Higgs
boson [33]. In [34] it was shown that quantum effects
are essential for the correct description of the inflation-
ary dynamics in the model based on the non-minimally
2coupled Higgs field. In [35–39] the renormalization group
formalism was used to establish a relation between the
known values of the coupling constants of the Standard
Model at the electroweak scale to their values at the in-
flationary scale in the presence of a strong non-minimal
coupling between the Higgs field and gravity. In [40, 41]
the same problem was considered with an additional sin-
glet scalar field that can be responsible for the presence
of dark matter. The fitting of the effective Higgs infla-
tionary potential in the model with non-minimal coupling
directly to WMAP5+BAO+SN data was undertaken in
[42]. In [43] the non-minimal inflation scenario was com-
bined with the seesaw mechanism, whereas in [44] the
relation between non-minimal inflation and supergravity
was studied.
The renormalization group calculations performed in
[35–39] give qualitatively similar results, which suggests
that the non-minimally coupled Higgs inflation model is
compatible with observations. However, there are some
quantitative differences between the results obtained in
these papers. The roots of the discrepancies lie in the
different treatment of the suppression mechanism for the
contribution of gravitons and the Higgs scalar field mode
to the quantum loops. Thus, the study of such sub-
tle questions as the relation between Jordan and Ein-
stein frames (see e.g. [45, 46]), the parametrization of the
scalar field multiplets, and the conservation of the gauge
invariance becomes urgent. Moreover, the fact that we
do not consider a single scalar field, but a multiplet of
scalar fields, causes the transformation from the Jordan
frame to the Einstein frame and back to be more involved
[47, 48].
In the present paper we shall calculate the one-loop
divergences in the theory with an arbitrary non-minimal
coupling between the multiplet of scalar fields and grav-
ity in the Jordan frame. Here it is necessary to empha-
size that working with the non-minimally coupled scalar
fields, one often uses both frames simultaneously. In [49]
the one-loop divergences for a singlet scalar field non-
minimally coupled to gravity were calculated for a sys-
tem of generalized potentials, and the formalism for the
generalized renormalization group equations was devel-
oped. Starting from the action written in the Jordan
frame, the authors of [49] have undertaken the transition
to the Einstein frame by a conformal transformation of
the metric and by a proper redefinition of the scalar field
such that the interaction between the scalar field and
gravity becomes minimal and the kinetic term for the
scalar field acquires the standard form. Then the one-
loop divergences were calculated by using the generalized
Schwinger-DeWitt technique [50, 51] for the fields in the
Einstein frame. Finally, the result was rewritten in terms
of the original Jordan frame fields. The conformal trans-
formation between the Jordan and Einstein frames is a
legitimate operation at the classical level, but it becomes
dangerous when the quantization of fields is involved.
For this reason, in the present paper we perform all cal-
culations exclusively in the Jordan frame and present the
divergent part of the one-loop corrections as our main re-
sult. In the subsequent paper [52], these results are used
to compare them with the results obtained by the meth-
ods of [49] for the case of a multiplet of scalar fields. The
third paper [53] of the series will be devoted to impor-
tant applications within cosmological models based on a
non-minimally coupled Higgs field that plays the role of
the inflaton.
The structure of the paper is as follows: in Sec. II we
briefly describe the algorithm of the calculations for the
divergent part of the one-loop effective action. In Sec. III
we give the complete expression for this divergent part.
Sec. IV is devoted to cross-checks and comparison with
known results. A major source for such a comparison are
the results of Shapiro and Takata [54], who have made
similar calculations for the case of a single scalar field.
Sec. V contains concluding remarks and the announce-
ment of the content of the subsequent papers.
II. ONE-LOOP DIVERGENCES IN THE
JORDAN FRAME: THE ALGORITHM
We consider a model with the action
S =
∫
M
d4x
√
g
(
U(ϕ)R − 1
2
gµνG(ϕ)∇µΦa∇νΦa − V (ϕ)
)
,
(1)
where
ϕ ≡
√
δabΦaΦb, a = 1, · · · , N , (2)
that is, gravity interacts with a multiplet of real scalar
fields. The generalized potentials U,G and V are invari-
ant with respect to rotations in the N -dimensional space
and are thus ultra-local functions of the modulus ϕ. It is
convenient to consider a Euclidean manifoldM. We use
the following definition of the Riemann tensor:
Rαµνβ =
∂Γαµβ
∂xν
− ∂Γ
α
µν
∂xβ
+ ΓλµβΓ
α
νλ − ΓγµνΓαβγ . (3)
In what follows, we use the background field method and
split the generalized field
ψA =
(
gαβ
Φa
)
(4)
into a background part ψ¯A and fluctuations δψA, where
ψ¯A =
(
g¯αβ
Φ¯a
)
, (5)
and
δψA =
(
δgαβ
δΦa
)
≡
(
hαβ
σa
)
. (6)
The action (1) should be complemented by the gauge-
breaking term
SGB = −1
2
∫
M
d4x
√
g χµχ
µ, (7)
3where the function χµ represents the generalization of
the well-known background covariant DeWitt condition
[50, 51]:
χµ =
√
U
(
∇αhαµ − 1
2
∇µδh+ fa(ϕ)∇µσa
)
, (8)
where h ≡ gαβhαβ . Here, fa(ϕ) is an arbitrary function
whose explicit form will be chosen later.
To calculate the one-loop divergent part of the effec-
tive action in the model with the action (1) using the
background field formalism [50, 51], we need to know the
second-order differential operator
FAB =
δ2(S + SGB)
δψAδψB
. (9)
We also have to take into account the contribution of
the Faddeev-Popov ghost term, which is given by the
determinant of the ghost operator Qαβ defined as
Qαβ =
δ(χξ)
α
δξβ
, (10)
where ξβ is a vector field realizing the general gauge
transformation of the field variables by their Lie-
dragging.
Let us now briefly remind the main steps of the gen-
eralized Schwinger-DeWitt algorithm for the calculation
of the one-loop effective action [50, 51]. The one-loop
effective action for gauge theories has the following form:
iW1−loop = − 1
2
Tr ln
δ2Stot[ψ]
δψAδψB
+Tr lnQβα . (11)
Here, ψA is the full set of fields, Stot[ψ ] is the total
action of the theory including the gauge-breaking term
and Tr is the functional trace. Generally, the second-
order operator (9) has the following form:
FAB = C
µν
AB∇µ∇ν + 2ΓµAB∇µ +WAB , (12)
where ∇µ is a covariant derivative defined with respect
to some general affine connection.
For the application of the Schwinger-DeWitt algo-
rithm, the operator FAB should have the so-called mini-
mal form, i.e.
F BA = g
µν DµDν δ BA + P BA −
1
6
R δ BA , (13)
where Dµ is a new covariant derivative defined with re-
spect to a new connection and the term R/6 is subtracted
for convenience. To arrive from (12) at the minimal form
(13) one should satisfy the condition
CµνAB = C˜AB g
µν , (14)
and absorb the term 2ΓµAB∇µ linear in the derivative by
defining the new covariant derivative Dµ.
The proper choice of the gauge condition (8) guaran-
tees that the condition (14) is satisfied. That means that
the second-order derivatives in the operator FAB are pro-
portional to the d’Alembertian. We then multiply the op-
erator FAB by the inverse matrix C˜
(−1)CA to eliminate
the dependence of the operator (13) on the matrix C˜AB.
Finally, in order to remove the term linear in the deriva-
tive we should redefine the affine connection by adding
the term proportional to ΓµAB to it .
Now we are ready to apply the Schwinger-DeWitt algo-
rithm. The logarithmically divergent part of the one-loop
effective action is
W div1−loop =
1
32π2(2− ω)
∫
d4x
√
g tr [(a2)
B
A ]
− 1
16π2(2− ω)
∫
d4x
√
g tr [(a2Q)
ν
µ ] . (15)
Here, (a2)
B
A is the second coefficient of the Schwinger-
DeWitt expansion for the operator F BA , whereas (a2Q)
ν
µ
is the analogous coefficient for the ghost operator Q νµ .
The parameter ω is the half-dimensionality of spacetime.
The general formula for the (a2)
B
A is [51]
(a2)
B
A =
1
180
{
R2αβµν −R2µν +R
}
δ BA +
1
2
(P 2) BA +
1
12
(R2µν ) BA +
1
6
(P ) BA . (16)
Here,  denotes the d’Alembertian defined with respect
to the standard covariant derivative, where the role of the
affine connection is played by the Christoffel symbol. The
terms including  are proportional to a total divergence
and can be discarded. The curvature tensor R Bµν A is
defined as follows:
(DµDν −DνDµ)ψA = R Bµν AψB. (17)
Now we would like to fix the function fa(ϕ) for the
gauge condition (8). The gravity part of (8), which co-
incides with the well-known de Donder gauge, implies
the proportionality of the part being of second order in
derivatives in the graviton-graviton block δ
2Stot
δhµνδhαβ
of the
operator FAB to the d’Alembertian [51]. It is easy to see
that the second variation of the action with respect to the
scalar fields is also proportional to the d’Alembertian, in-
dependently of the form of the function fa(ϕ). The non-
diagonal terms arise in the mixed functional derivatives
4and they have the form:
δStot
δhαβδσb
= U ′ nb∇α∇β + U fb∇α∇β + · · · , (18)
where a “prime” denotes the derivative with respect to
ϕ and
na ≡ Φa
ϕ
. (19)
It follows immediately from (18) that by choosing
fa = −U
′
U
na , (20)
we obtain the proportionality of the operator FAB to the
d’Alembertian.
Now we write down the explicit expressions for the
coefficients C˜AB ,Γ
µ
AB and WAB in Eq. (12).
We have
C˜AB =


U Gαβγδ − 12 U ′ gαβ nb
− 12 U ′ na gγδ Gδab + (U
′)2
U
na nb

 ,
(21)
with the abbreviation Gαβγδ [50] given by
Gαβγδ ≡gαγgβδ + gαδgβγ − gαβgγδ . (22)
The inverse is
Gαβγδ =
1
4
(
gαγgβδ + gαδgβγ − gαβgγδ
)
, (23)
such that
GαβλσGλσγδ = δ
αβ
γδ ≡ δα(γδβδ) =
1
2
(
δαγ δ
β
δ + δ
α
δ δ
β
γ
)
. (24)
Then,
ΓνAB =

 Γν11 Γν12
Γν21 Γ
ν
22

 , (25)
where the subscript 1 stands for the graviton perturba-
tion hµν , while the subscript 2 denotes the scalar field
perturbation σa:
Γν11 =U
′naΦ
a
;µ
(
gµ(αGβ)νγδ − gµ(γGδ)ναβ + 1
2
gνµGαβγδ
)
,
(26)
Γν12 =GG
αβµν Φa; µ +
1
2
UabΦ
b
;µ
(
gµ(α gβ)ν − 3
2
gαβ gµν
)
,
(27)
Γν21 = −Gγδµν
(
Gδab + Uab
)
Φa;µ ,
(28)
Γν22 =
1
2
G′ gµν Φc; µ n
d
(
− δbcδad + δacδbd + δabδcd
)
+
1
2
U ′
U
(
Ubc na + Uac nb − (U
′)2
U
na nb nc
)
gµν Φc;µ .
(29)
Analogously, we have for WAB:
W11 =U K
αβγδ +GSαβγδ + V Gαβγδ + Tαβγδ,
(30)
W12 =G
αβµν
(
V ′ gµν − 2U ′Rµν +G′ Φc, µΦc, ν
)
nb
+
(
gµ(αgβ)ν − gαβgµν
)(
Ubac Φ
a
;µΦ
c
; ν + Uba Φ
a
; νµ
)
,
(31)
W21 =naG
γδµν
(
V ′ gµν − 2U ′Rµν +G′ Φc;µΦc; ν
)
− 2Gγδµν G′ nbΦb; ν Φa;µ − 2Gγδµν GΦa;µν ,
(32)
W22 =UabR− 1
2
Gab Φ
c
, µΦ
, µ
c − Vab +GcbΦc;µΦ;µa
+G′ nb(Φa) . (33)
with
Kαβγδ ≡ −Gαβγδ R− 1
2
gαβRγδ − 1
2
gγδRαβ +
1
2
gα(γRδ)β
+
1
2
gβ(γRδ)α +
1
2
Rαγβδ +
1
2
Rαδβγ , (34)
Sαβγδ ≡ 1
2
GαβγδΦa;µΦ
;µ
a +
1
4
gαβΦa; γΦ; δa +
1
4
gγδΦa;αΦ; βa
− 1
2
gα(γΦa; δ)Φ;βa −
1
2
gβ(γΦa; δ)Φ;αa , (35)
Tαβγδ ≡ 2GαβγδU + gαβU ; γδ + 1
2
gγδU ;αβ − gα(γU ; δ)β
− gβ(γU ; δ)α . (36)
The following formulae for a general function Z(ϕ) will
be useful:
∇µ Z =Z ′ na∇µ Φa , (37)
Zab ≡ ∂
2Z
∂Φa∂Φb
= Z ′′ nanb +
Z ′
ϕ
(
δab − nanb
)
, (38)
Zabc ≡ ∂
3 Z
∂Φa∂Φb∂Φc
= Z ′′′nanbnc +
1
ϕ
[
na
(
Z ′′δbc − Zbc
)
+ nb
(
Z ′′δac − Zac
)
+ nc
(
Z ′′δab − Zab
)]
. (39)
The next step in the algorithm described above is the
calculation of the inverse matrix C˜(−1)AB. We obtain
5(C˜−1)BC =


1
U
Gλσγδ +
(1−Gs)
3U gλσ gγδ −s U
′
U
gγδ n
c
−s U ′
U
nb gλσ
1
G
(
δbc − nb nc
)
+ s nb nc

 , (40)
where the factor s is given by the formula
s ≡ U
GU + 3U ′2
. (41)
It is exactly this factor that is responsible for the suppres-
sion of the contributions of quantum loop corrections, in
particular for the suppression of the Higgs field propa-
gators in models with a strong non-minimally coupled
Higgs field [37–41].
We abstain from writing down the results of the mul-
tiplication of the operator FAB by the inverse matrix
C˜(−1)AB. By redefining the covariant derivative, we fi-
nally arrive at the minimal form (13) of the operator F BA .
Now we also have to find the Faddeev-Popov operator.
Applying the definition (10), we obtain
Q βα = δ
β
α + 2
(Q)
Γ β µα ∇µ +
(Q)
W βα , (42)
with
(Q)
Γ β µα = −
1
2
U ′
U
naΦ
a
, α g
βµ , (43)
and
(Q)
W βα = R
β
α −
U ′
U
na∇α∇β Φa. (44)
The Faddeev-Popov ghost operator (42) also contains a
term linear in the derivative. To absorb this term into the
d’Alembertian we must again redefine the general affine
connection for the ghost operator, just like it was done
for the main operator FBA . As in the case of F
B
A we re-
frain from writing down the explicit formula for the final
minimal form of the Faddeev-Popov operator.
Now we are in a position to apply the formulae (15) and
(16). Since a vast number of terms are generated during
the algorithm, we used (21)-(44) as an input and have im-
plemented the Schwinger-DeWitt algorithm in the Math-
Tensor package [55] to calculate the final result for the
divergent part of the one-loop effective action. This will
be presented in the next section in a closed form. The
result is rather lengthy, but we organize it in a “physi-
cal” way to facilitate its use. First of all, for practical
purposes in a cosmological setup, the most important
quantum corrections are V1-loop, U1-loop and G1-loop and
the result for those corrections is not very long. Then, we
have arranged the result as a polynomial in the suppres-
sion function s(ϕ), which is approximately zero for suffi-
ciently high energies (as it is the case during inflation).
However, the remaining structures, which are partly very
long, are nevertheless very important from a physical per-
spective. As mentioned in the introduction, we adopt the
viewpoint of an effective field theory, which is valid up to
a specific energy scale determined by a cutoff. The mag-
nitude of this cutoff depends on the coefficients of the
remaining structures, since they are supposed to be sup-
pressed sufficiently by powers of this cutoff to guarantee
the applicability of the model up to the corresponding
energy scale.
III. ONE-LOOP DIVERGENCES IN THE JORDAN FRAME: THE RESULT
The divergent part of the one-loop effective action for a scalar multiplet non-minimally coupled to gravity in the
Jordan frame can be written as the following sum of a minimal set of 21 independent structures:
W div1-loop =
1
32 π2 (2 − ω)
∫
d4 x
√
g
{
α1 + α2 R+
1
2
α3Φ
a
, µΦ
, µ
a + α4Φ
a
, µnaΦ
b , µnb + α5R
µνRµν + α6R
2
+ α7R
µνΦa, µΦa, ν + α8R
µνΦa, µnaΦ
b
, νnb + α9R (Φ
a
, µΦ
, µ
a ) + α10 R (Φ
a
, µnaΦ
b , µnb) + α11R (Φ
c µ
;µ nc)
+ α12 (Φ
a
, µΦ
, µ
a )
2 + α13 (Φ
a
, µnaΦ
b , µnb)
2 + α14 (Φ
a
, µΦ
, µ
a ) (Φ
c
, νncΦ
d , νnd) + α15 Φ
a
, µΦa , νΦ
b , µΦ, νb
+ α16Φ
a
,µnaΦ
b
,νnbΦ
c , µΦ, νc + α17 Φ
a µ
;µ Φ
ν
a; ν + α18 (Φ
c µ
; µ nc)
2 + α19(Φ
a
, µΦ
, µ
a )(Φ
b ν
; ν nb)
+ α20 (Φ
a
, µnaΦ
b , µnb)(Φ
c ν
; ν nc) + α21Φ
a µ
;µ Φ
, ν
a Φ
b
, νnb
}
. (45)
6The structures in (45) are ordered with respect to an increasing number of derivatives and furthermore sorted by
pure curvature terms, mixed (curvature and gradient) terms and pure gradient terms. We have taken into account
integration by parts and the Gauß-Bonnet identity to eleminate 8 dependent structures and to arrive at the minimal
set of 21 independent structures (for the explicit formulae, see (A1)-(A8) in Appendix A).
To collect the contributions in each coefficient αi in a systematical way, we have adopted the following sorting
pattern: First of all, the contributions are ordered in terms of powers of the potential V and its derivatives V ′, V ′′, V ′′′.
Then, we have further rewritten the coefficients as a polynomial in decreasing powers of s(ϕ). Expressed in this form
one can deduce direct physical information for cosmological applications as e.g. in the context of the Higgs inflation
scenario. The tree level values of U, G, V in this model have the concrete form of eq. (68), (69), (70). For inflationary
energy scales, corresponding to field values ϕ ≫ MP/
√
ξ, the “suppression function” s scales as s = 1/6ξ. Since the
non-minimal coupling constant ξ is of order 104−105 in this kind of models, it follows s ≃ 0. Thus, in the inflationary
context of a scalar multiplet non-minimally coupled to gravity most of the terms in the coefficients αi are sufficiently
suppressed and can be neglected.
All structures αi which contain more than two derivatives are supposed to be suppressed by the appropriate power
of some cutoff Λ, which determines the validity of the model. All such structures appearing in (45) can be denoted
symbolically as
RR
Λ2
,
R ∂2ΦΦ
Λ2
,
∂4ΦΦΦΦ
Λ2
, (46)
corresponding to pure curvature structures, mixed structures or pure scalar gradient structures. The structures
αi, i = 12, ..., 21 only contain four derivatives of the scalar fields and belong all to the pure gradient structures. In
[38] it was shown that those structures are suppressed by an additional small factor, the slow roll parameter ǫˆ ≪ 1,
compared to the curvature structures, i.e.
R
Λ2
≃ λ
16π2
compared to
∂
Λ
≃
√
λ
48π
√
2ǫˆ , (47)
with the Higgs self-coupling λ ≃ 10−1. Thus, the suppression mechanism for the gradient structures works even more
efficiently. From an effective field theory point of view, these terms are less important and therefore shifted to the
Appendix B. Below, we present only the result for the coefficients αi, i = 1, ..., 11. The result is given in a closed
form, beginning with the most important structures α1, α2 and α3 corresponding to V1-loop, U1-loop and G1-loop. The
factor of 1/2 in front of G1-loop is due to the form of the kinetic term
1
2Φ
a
;µΦ
;µ
a in the action (1).
The one-loop correction to the potential V (ϕ) :
α1 = V
2
[
2s2 (U ′)
4
U4
− 2s (U
′)
2
U3
+
5
U2
]
+ V V ′
[
−8s
2 (U ′)
3
U3
+
4sU ′
U2
]
+ V V ′′
2s2 (U ′)
2
U2
+ (V ′)
2
[
8s2 (U ′)
2
U2
− 2s
U
+
(N − 1)
2G2ϕ2
]
− V ′V ′′ 4s
2U ′
U
+
1
2
(V ′′)
2
s2 (48)
The one-loop correction to the non-minimal coupling U(ϕ) :
α2 = V
[
s2
(
4 (U ′)
4
U3
− 2 (U
′)
2
U ′′
U2
)
− 7s (U
′)
2
3U2
− 13
3U
]
+ V ′
[
s2
(
4U ′U ′′
U
− 8 (U
′)
3
U2
)
+
8sU ′
3U
− (N − 1)U
′
G2ϕ2
− (N − 1)
6Gϕ
]
+ V ′′
[
s2
(
2 (U ′)
2
U
− U ′′
)
− s
6
]
(49)
7The one-loop correction to the kinetic term 12 G(ϕ) :
1
2
α3 = V
[
s2
(
(U ′)
6
2GU4ϕ2
+
2G′ (U ′)
2
U2ϕ
+
G′′ (U ′)
2
U2
− G
′ (U ′)
3
U3
− (G
′)
2
(U ′)
2
2GU2
+
6 (U ′)
5
U4ϕ
+
(U ′)
4
6U3ϕ2
+
3 (U ′)
6
2U5
)
+ s
(
− (U
′)4
3GU3ϕ2
− G
′ (U ′)2
2GU2ϕ
+
G′U ′
2U2
− 9 (U
′)3
2U3ϕ
− 19 (U
′)2
18U2ϕ2
− 2 (U
′)4
U4
)
+
19 (U ′)2
18GU2ϕ2
+
G
U2
+
3U ′
U2ϕ
+
(U ′)2
2U3
]
+ V ′
[
s2
(
− 3 (U
′)
5
GU3ϕ2
− 3G
′ (U ′)
3
GU2ϕ
− 5G
′U ′
Uϕ
− 2G
′′U ′
U
+
2G′ (U ′)
2
U2
+
(G′)
2
U ′
GU
− 12 (U
′)
4
U3ϕ
− (U
′)
3
U2ϕ2
− 3 (U
′)
5
U4
)
+ s
(
5 (U ′)
4
4G2U2ϕ3
+
(U ′)
3
2GU2ϕ2
+
3G′ (U ′)
2
2G2Uϕ2
+
41 (U ′)
2
12GUϕ3
+
2G′U ′
GUϕ
− G
′
2U
− (G
′)
2
4G2ϕ
− G
′
2Gϕ2
+
25 (U ′)
2
4U2ϕ
+
11U ′
6Uϕ2
+
5 (U ′)
3
2U3
)
− 5 (U
′)
2
12G2Uϕ3
− 11U
′
6GUϕ2
− G
′
2G2ϕ2
− 2
Uϕ
− U
′
2U2
+
(N − 1)G′
2G2ϕ2
]
+ V ′′
[
s2
(
3G′ (U ′)
2
2GUϕ
− G
′U ′
2U
+
3G′
2ϕ
− (G
′)
2
4G
+
G′′
2
+
3 (U ′)
3
U2ϕ
+
3 (U ′)
4
4U3
)
+ s
(
− G
′
2Gϕ
− U
′
Uϕ
− (U
′)
2
4U2
)]
(50)
The coefficient α4 in front of the structure Φ
a
, µnaΦ
b , µnb :
α4 = V
[
s3
(
99 (U ′)
8
2U6
− 90U
′′ (U ′)
6
U5
− 9G
′ (U ′)
5
U4
− 18 (U
′′)
2
(U ′)
4
U4
− 18G
′U ′′ (U ′)
3
U3
− 5 (G
′)
2
(U ′)
2
2U2
)
+ s2
(
− (U
′)
6
2Gϕ2U4
− 54 (U
′)
6
U5
− 6 (U
′)
5
ϕU4
+
147U ′′ (U ′)
4
2U4
− (U
′)
4
6ϕ2U3
+
13G′ (U ′)
3
2U3
+
(G′)
2
(U ′)
2
2GU2
+
9 (U ′′)
2
(U ′)
2
U3
− 2G
′ (U ′)2
ϕU2
+
5G′U ′′U ′
2U2
)
+ s
(
(U ′)4
3Gϕ2U3
+
41 (U ′)4
2U4
+
9 (U ′)3
2ϕU3
+
G′ (U ′)2
2GϕU2
− 17U
′′ (U ′)2
U3
+
19 (U ′)2
18ϕ2U2
− G
′U ′
U2
)
− 19 (U
′)
2
18Gϕ2U2
+
33 (U ′)
2
2U3
− 3U
′
ϕU2
+
3U ′′
U2
]
+ V ′
[
s3
(
− 99 (U
′)
7
U5
+
180U ′′ (U ′)
5
U4
+
18G′ (U ′)
4
U3
+
36 (U ′′)
2
(U ′)
3
U3
+
36G′U ′′ (U ′)
2
U2
+
5 (G′)
2
U ′
U
)
+ s2
(
3 (U ′)
5
Gϕ2U3
+
165 (U ′)
5
2U4
+
12 (U ′)
4
ϕU3
+
3G′ (U ′)
3
GϕU2
− 195U
′′ (U ′)
3
2U3
+
(U ′)
3
ϕ2U2
− 17G
′ (U ′)
2
2U2
− (G
′)
2
U ′
GU
− 15 (U
′′)
2
U ′
U2
+
5G′U ′
ϕU
− 5G
′U ′′
2U
)
+ s
(
− 5 (U
′)
4
4G2ϕ3U2
− (U
′)
3
2Gϕ2U2
− 26 (U
′)
3
U3
− 3G
′ (U ′)
2
2G2ϕ2U
− 41 (U
′)
2
12Gϕ3U
− 25 (U
′)
2
4ϕU2
− 2G
′U ′
GϕU
+
14U ′′U ′
U2
− 11U
′
6ϕ2U
+
(G′)2
4G2ϕ
+
G′
U
+
G′
2Gϕ2
)
+
5 (U ′)2
12G2ϕ3U
+
G′
2G2ϕ2
+
11U ′
6Gϕ2U
− 5U
′
2U2
+
2
ϕU
+
(N − 1)G′
2G2ϕ2
+
3(N − 1) (G′)2
4G3ϕ
]
+ V ′′
[
s3
(
99 (U ′)
6
4U4
− 45U
′′ (U ′)
4
U3
− 9G
′ (U ′)
3
2U2
− 9 (U
′′)
2
(U ′)
2
U2
− 9G
′U ′′U ′
U
− 5 (G
′)
2
4
)
+ s2
(
− 111 (U
′)
4
4U3
− 3 (U
′)
3
ϕU2
− 3G
′ (U ′)
2
2GϕU
+
12U ′′ (U ′)
2
U2
− G
′U ′
2U
+
(G′)
2
4G
+
3 (U ′′)
2
U
− 3G
′
2ϕ
)
+ s
(
45 (U ′)
2
4U2
+
U ′
ϕU
+
G′
2Gϕ
− U
′′
U
)
− 2
U
− (N − 1)G
′
2G2ϕ
]
+ V ′′′
[
s2
(
9 (U ′)
3
2U2
+
G′
2
)
− sU
′
U
]
(51)
8The coefficient α5 in front of the structure R
µνRµν :
α5 =
2s (U ′)
2
U
+
43
60
(52)
The coefficient α6 in front of the structure R
2 :
α6 = s
2
(
−2 (U
′)
2
U ′′
U
+
2 (U ′)
4
U2
+
(U ′′)
2
2
)
+ s
(
U ′′
6
− 4 (U
′)
2
3U
)
+
1
40
+
(N − 1)
72
+
(N − 1)U ′
6Gϕ
+
(N − 1) (U ′)2
2G2ϕ2
(53)
The coefficient α7 in front of the structure R
µνΦa, µΦa, ν :
α7 = s
(
− 3 (U
′)
4
GU2ϕ2
+
G′ (U ′)
2
GUϕ
− G
′U ′
U
+
5 (U ′)
3
U2ϕ
+
(U ′)
2
Uϕ2
+
3 (U ′)
4
U3
)
+
(U ′)
2
GUϕ2
− 2U
′
Uϕ
− (U
′)
2
U2
(54)
The coefficient α8 in front of the structure R
µνΦa, µnaΦ
b
, νnb :
α8 = s
2
(
−G
′U ′U ′′
U
− 3G
′ (U ′)
3
U2
− 15 (U
′)
4
U ′′
U3
− 6 (U
′)
2
(U ′′)
2
U2
+
9 (U ′)
6
U4
)
+ s
(
3 (U ′)
4
GU2ϕ2
− G
′ (U ′)
2
GUϕ
+
2G′U ′
U
− 5 (U
′)
3
U2ϕ
− (U
′)
2
Uϕ2
+
10 (U ′)
2
U ′′
U2
− 8 (U
′)
4
U3
+
2 (U ′′)
2
U
)
− (U
′)
2
GUϕ2
+
2U ′
Uϕ
− 2U
′′
U
(55)
The coefficient α9 in front of the structure R (Φ
a
, µΦ
, µ
a ) :
α9 = s
2
(
− 3G
′ (U ′)
2
U ′′
2GUϕ
− G
′U ′′
ϕ
+
3 (U ′)
6
2GU3ϕ2
+
3G′ (U ′)
4
2GU2ϕ
+
3G′ (U ′)
2
2Uϕ
+
G′′ (U ′)
2
U
+
G′U ′U ′′
2U
+
(G′)
2
U ′′
4G
− G
′ (U ′)
3
U2
− (G
′)2 (U ′)2
2GU
− G
′′U ′′
2
+
3 (U ′)3 U ′′
2U2ϕ
− 3 (U
′)5
U3ϕ
+
(U ′)4
2U2ϕ2
− 3 (U
′)4 U ′′
4U3
+
3 (U ′)6
2U4
)
+ s
(
G′U ′′
2Gϕ
− 5 (U
′)5
4G2U2ϕ3
+
(U ′)
4
12GU2ϕ2
− 3G
′ (U ′)
3
2G2Uϕ2
− 41 (U
′)
3
12GUϕ3
− 2G
′ (U ′)
2
GUϕ
+
(G′)
2
U ′
4G2ϕ
+
G′U ′
2Gϕ2
+
G′U ′
2U
− G
′
12ϕ
+
(G′)
2
12G
− G
′′
12
+
(U ′)
3
2U2ϕ
− 83 (U
′)
2
36Uϕ2
+
(U ′)
2
U ′′
4U2
− 9 (U
′)
4
4U3
)
+
5 (U ′)
3
12G2Uϕ3
+
47 (U ′)
2
36GUϕ2
+
G′U ′
2G2ϕ2
− G
3U
+
G′
6Gϕ
− 2U
′
Uϕ
+
7 (U ′)
2
12U2
− (N − 1)G
′U ′
G2ϕ2
− (N − 1)G
′
6Gϕ
(56)
The coefficient α10 in front of the structure R (Φ
a
, µnaΦ
b , µnb) :
α10 = s
3
(
− 9 (U
′)
8
2U5
+
81U ′′ (U ′)
6
4U4
+
3G′ (U ′)
5
U3
− 27 (U
′′)
2
(U ′)
4
U3
− 15G
′U ′′ (U ′)
3
2U2
+
9 (U ′′)
3
(U ′)
2
U2
− (G
′)
2
(U ′)
2
2U
+
3G′ (U ′′)
2
U ′
U
+
1
4
(G′)
2
U ′′
)
+ s2
(
− 3 (U
′)
6
2Gϕ2U3
+
3 (U ′)
6
8U4
+
3 (U ′)
5
ϕU3
− 3G
′ (U ′)
4
2GϕU2
− 45U
′′ (U ′)
4
4U3
− (U
′)
4
2ϕ2U2
+
9G′ (U ′)
3
4U2
− 3U
′′ (U ′)
3
2ϕU2
+
(G′)
2
(U ′)
2
2GU
+
18 (U ′′)
2
(U ′)
2
U2
− 3G
′ (U ′)
2
2ϕU
− G
′′ (U ′)
2
U
+
3G′U ′′ (U ′)
2
2GϕU
+
G′U ′′U ′
2U
− 3 (U
′′)
3
U
+
(G′)
2
24
− (G
′)
2
U ′′
4G
+
G′U ′′
ϕ
+
G′′U ′′
2
)
+ s
(
5 (U ′)
5
4G2ϕ3U2
− (U
′)
4
12Gϕ2U2
+
11 (U ′)
4
4U3
+
3G′ (U ′)
3
2G2ϕ2U
9+
41 (U ′)
3
12Gϕ3U
− (U
′)
3
2ϕU2
+
2G′ (U ′)
2
GϕU
− 2U
′′ (U ′)
2
U2
+
83 (U ′)
2
36ϕ2U
− (G
′)
2
U ′
4G2ϕ
− G
′U ′
U
− G
′U ′
2Gϕ2
− (G
′)
2
12G
− (U
′′)
2
U
+
G′
12ϕ
+
G′′
12
− G
′U ′′
2Gϕ
)
− 5 (U
′)
3
12G2ϕ3U
− 47 (U
′)
2
36Gϕ2U
− 16 (U
′)
2
3U2
− G
′
6Gϕ
− G
′U ′
2G2ϕ2
+
2U ′
ϕU
− 2U
′′
U
+
(N − 1)G′
12Gϕ
+
(N − 1)G′U ′
2G2ϕ2
+
(N − 1) (G′)2
24G2
+
(N − 1) (G′)2 U ′
4G3ϕ
− (N − 1)G
′′
12G
− (N − 1)U
′G′′
2G2ϕ
(57)
The coefficient α11 in front of the structure R (Φ
c µ
; µ nc) :
α11 = s
2
(
G′U ′′
2
− G
′ (U ′)
2
U
+
9 (U ′)
3
U ′′
2U2
− 9 (U
′)
5
U3
)
+ s
(
G′
12
− U
′U ′′
U
+
19 (U ′)
3
4U2
)
− 3U
′
U
− (N − 1)G
′
12G
− (N − 1)G
′U ′
2G2ϕ
(58)
In this section we have presented the “off-shell” result for the most important terms of the divergent part of the
one-loop effective action in a closed form. The remaining structures can be found in Appendix B.
We did not use the equations of motion yet. This will be done in an upcoming publication [52]. There, it will be
of interest whether the results for the effective action calculated in the Jordan and Einstein frame coincide at least
“on-shell”. Following [56] and also the unique effective action approach developed in [57], this should be the case.
We want to emphazise that the result presented here in its full length will serve as a starting point for further
studies. The main consequences which follow from this result will be discussed in the upcoming publications [52, 53].
However, one can already get some physical information from the result presented here, since all terms are arranged
with an eye towards cosmological applications. Therefore, the top priority was given to the most important one-loop
structures V, U and G and, furthermore, the coefficients are ordered according to powers of the potential V and
its derivatives and powers of the suppression function s(ϕ) to faciliate the use of the result for cosmological applications.
IV. CHECKS AND COMPARISON WITH
KNOWN RESULTS
Since our result is rather cumbersome it makes sense
to apply all kinds of consistency checks and tests that
are possible. One can distinguish between internal con-
sistency tests such as the correct dimensionality and the
scaling behaviour of certain quantities and cross-checks
by comparing our general result for some limiting cases
with results present in the literature. Fortunately, these
checks can isolate certain features of our general model
and thus test complementary aspects such as the conse-
quences due to the non-minimal coupling, or the influence
due to the presence of the O(N) multiplet.
A. Test of Dimensional and Scaling Behaviour
1. Dimensional Tests
Writing the mass dimension of some object O as [O]M ,
one obvious test of the 1-loop results is that for all terms
[αi · Γi]M = 4 (59)
should hold (c = ~ = 1). We have introduced the symbol
Γi for the structure corresponding to the coefficient αi,
i.e.
Γdiv1-loop =
1
32 π2 (2− ω)
∫
d4x
√
g
∑
i
αi Γi . (60)
For this check it is useful to take the convention that
[ϕ]M = 1, [gµν ]M = [g
µν ]M = 0. Note that we have
chosen to shift the dimensionality in the coordinates in-
stead of the metric. This means that each space-time
derivative [∂µ]M = 1 increases the mass dimension by
one. For this convention it follows that [U(ϕ)]M = 2,
[G(ϕ)]M = 0 and [V (ϕ)]M = 4. Each derivative of U, V
and G with respect to ϕ reduces the mass dimension by
one and therefore [s(ϕ)]M = 0. This check was done
successfully for all structures.
2. Scaling Behaviour
Another test is the scaling behaviour of the αi. The co-
efficients αi are functions of U,G, V and their derivatives
U (n), G(n), V (n),
αi(U
(n), G(n), V (n)), n = 0, ... , k . (61)
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The structure of the Schwinger-DeWitt algorithm forces
them to be homogeneous functions of degree zero in their
arguments, i.e. they should behave as
αi(λU
(n), λG(n), λV (n)) = αi(U
(n), G(n), V (n)) (62)
under the scaling
U (n), G(n), V (n) → λU (n), λG(n), λV (n) (63)
for some constant λ. We have explicitly checked that all
αi share this property.
3. O(N) Symmetry and Single Field Limit
A third test can be made due to the O(N) symmetry.
The space-time derivatives of the normal vector na gener-
ate powers of ϕ in the denominator of the αi. In addition
we have structures which are proportional to (N−1) due
to the projector (δab − nanb).
In the single field limit we have Φa → ϕ and δab = na =
N → 1. This leads to a degeneracy of certain structures
Γi, listed in the table below, which collapse into the same
structures appearing in the effective action of [54].
O(N) multiplet single field
Γ1 Γ1
Γ2 Γ2
Γ3,Γ4 Γ3
Γ5 Γ5
Γ6 Γ6
Γ7,Γ8 Γ7
Γ9,Γ10 Γ9
Γ11 Γ11
Γ12,Γ13,Γ14,Γ15,Γ16 Γ12
Γ17,Γ18 Γ17
Γ19,Γ20,Γ21 Γ19
TABLE I: Degenerated structures in the single field limit
One can now regard the single field case as an additional
check. All terms involving ϕ in the denominator should
either vanish due to an accompanying factor of (N − 1)
or should cancel exactly with other contributions coming
from the degenerated structures. Indeed, in the single
field limit there is no explicit dependence on ϕ at all.
Still one may be worried about the terms with powers of
ϕ in the denominator in the multiplet case, since there
is no reason why ϕ = 0 should be a special value and
U(0), V (0), G(0) should be perfectly regular at ϕ = 0.
However, one can show that these inverse powers of ϕ
are just an artefact of our notation. Instead of consid-
ering the O(N)-invariant quantity ϕ2, we focus on the
field ϕ =
√
ΦaΦa, since it corresponds to the inflaton in
the cosmological application of the Higgs inflation and it
faciliates the comparison with single field results. Due to
the O(N) symmetry all “well-behaved” potentials U, V,G
should effectively depend on ϕ2. Defining
Z˙ ≡ ∂Z(ϕ
2)
∂ϕ2
, (64)
one can express the coefficients αi in terms of the “dot”
derivatives. The expression s remains unchanged, but
all derivatives Z ′, Z ′′, Z ′′′ are replaced by Z˙, Z¨,
...
Z . The
conversion formulae between the derivatives are given by
Z ′ = 2ϕ Z˙ , (65)
Z ′′ = 4ϕ2 Z¨ + 2 Z˙ , (66)
Z ′′′ = 8ϕ3
...
Z + 12ϕ Z¨ . (67)
In that way, ϕ’s are generated in the numerator which
then can cancel the ϕ in the denominator. Moreover, the
inverse powers of ϕ arising from the na =
Φa
ϕ
contained in
some strutures Γi must also at least be compensated by
powers of ϕ in the numerator of αi. Ultimatively, there
can only remain even powers of ϕ in the numerator.
B. Comparsion with Known Results
1. Single Field & Einstein Frame
The comparison with [49] corresponds to the Einstein
frame result of the quantum corrections in the single field
case. This means that in addition to the single field limit
described above we set U = G = 1. Our result obtained
in this limit coincides with that obtained in [49] up to a
different coefficient in V 2 – a misprint in [49] which was
already discovered and mentioned in [26].
From the coincidence with this result, the coincidence
with the well-known result of [9] for the case V = 0 fol-
lows automatically.
2. Multiplet in a Cosmological Setup
In the context of the RG improved Higgs inflation sce-
nario [37] the beta-functions for the non-minimal cou-
pling ξ and the Higgs self-coupling λ were derived by
explicit calculations of U1-loop and V1-loop. The tree level
values of the couplings in this model are given by
Utree(ϕ) =
1
2
(M2P + ξϕ
2) , (68)
Gtree(ϕ) =1 , (69)
Vtree(ϕ) =
1
4
λ(ϕ2 − ν2)2 . (70)
HereMP is the reduced Planck mass, and ν is a symmetry
breaking scale. In the calculations of [37] a multiplet Φa
with a constant background ∇µΦ¯a = 0 (leading to van-
ishing Rˆµν) was assumed. Furthermore, the contribution
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of graviton loops was neglected (corresponding to con-
sidering only the scalar-scalar sector of Pˆ ). Finally, an
expansion in ξ−1 was made, which is justified by the as-
sumption of a strong non-minimal coupling ξ ≃ 104−105.
Applying all these approximations to our general result
reproduces exactly the result derived in the Appendix of
[37].
3. Single Field & Jordan Frame
Another important source for a cross-check is the result
of Shapiro and Takata [54]. They did similar calculations
for a single scalar field. To confront our general result in
the limiting case of a single field with the result of [54]
we have to bring our result into a form that is suitable
for comparison. We list the following relations in order
to convert between our formalism and the one used in
[54]
φ↔ ϕ , (71)
A↔ −1
2
G, B ↔ U, C ↔ −V , (72)
A1 ↔ −1
2
G′, A2 ↔ −1
2
G′′, etc. (73)
X ≡ 2AB − 3B21 ↔ −(GU + 3U ′2) = −
U
s
. (74)
In addition, the authors of [54] have chosen to express
the R2 and RµνRµν contributions in terms of the Weyl
tensor. Using the definition of the Weyl tensor
Cαβγδ = Rαβγδ − (gα[γ Rδ]β − gβ[γ Rδ]α) +
1
3
gα[γgδ]β R
(75)
and the Gauß-Bonnet identity in four dimensions, we ob-
tain for a general function F (φ)
F CαβγδCαβγδ =F
(1
3
R2 − 2RαβRαβ +RαβγδRαβγδ
)
=− 2
3
F R2 + 2F RαβRαβ . (76)
In the single field limit the number of different structures
which do arise in the effective action reduces to eleven
(see TABLE I). Comparing our one-loop result in the
single field limit with the one calculated in [54], we find
coincidence for the coefficients
c12 ↔ α1 , (77)
c7 ↔ α2 , (78)
c11 ↔ 1
2
α3 , (79)
2cw ↔ α5 , (80)
cr − 2
3
cw ↔ α6 , (81)
c10 ↔ α18 . (82)
Differences remain for all other coefficients. To trace back
the origin of these discrepancies, we first have reduced our
input of the MathTensor code (the second variation) to
the single field case and compared it with the input used
in [54]. The authors of [54] have used the convention
ωA ≡ δΨA =

 h¯µνh
σ

 , (83)
with δgµν ≡ hµν , δφ ≡ σ, h¯µν = hµν − 14gµνhµν and
h = gµνhµν . We did not split hµν in the traceless part
h¯µν and its trace h. To compare their operator FAB (3×3
matrix) with ours (2 × 2 matrix) it is useful to expand
the quadratic forms of the composing parts ωAC˜ABω
B,
ωAΓµAB∇µωB, ωAWAB ωB and compare the resulting
scalars. Both expressions coincide up to a factor of
1
4
hA1 (∇φ)2 σ (84)
present in [54]. Direct recalculations starting with the
action of [54] confirmed our result that this factor should
indeed be absent. The origin of this is a cancellation due
to contributions coming from partial integration. This
can be seen easily by calculating the mixed variations
and concentrating on the trace part of the metric pertur-
bations.
Since our input and the one of [54] coincide up to the
term (84), we can check if the differences in the final
one-loop results all vanish when setting A1 to zero. This
is not the case, although the differences vanish e.g. for the
c6 ↔ α7 coefficient in this case. We have programmed a
new MathTensor algorithm to calculate the single scalar
field case directly with MathTensor. We obtained the
same result as in the single field limit of our general O(N)
result. To further investigate the remaining differences
(independent of A1) we considered the coefficient with
the biggest deviation c8. To faciliate the calculations by
hand, we limited ourselves to the special case U = B = 1
and focused on the G′′ = − 12A2 contributions in c8. In
our calculations (also repeated with MathTensor) these
contributions are absent, but in [54] there remains a con-
tribution G′′.
To summarize, our results are in agreement with those
from paper [54] for the most important structures such as
V1-loop, U1-loop, G1-loop. As far as concerned other struc-
tures, we have found one source of discrepancies: it is
connected with the presence of the factor (84) in the in-
put of [54] while this term is absent in our input. There
still remain some discrepancies, which cannot be reduced
to this difference in the input. Here, our belief in the
correctness of our results is based on some additional
cross-checks, including the calculations made by hands
for some limiting cases.
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V. CONCLUSION AND OUTLOOK
By applying the generalized Schwinger-DeWitt tech-
nique [50, 51] and using the MathTensor package for
Mathematica [55], we have calculated the divergent part
of the one-loop effective action for a multiplet of scalar
fields non-minimally coupled to gravity in a closed form.
All the calculations were done in the Jordan frame. In
the next paper [52] we will compare our Jordan frame
results with those by first performing a transformation
to the Einstein frame at the classical level, then calcu-
lating the effective action in the Einstein frame, and fi-
nally performing the inverse transformation back to the
Jordan frame. To that end we will present the trans-
formation rules for the transition between Jordan and
Einstein frame for the more general case of an O(N)
multiplet of scalar fields. We will see that the results
obtained by calculating quantum corrections in the two
different frames are different. This suggests that for the
correct calculation of the quantum corrections to physi-
cal quantities one should always use the same frame. Of
course, this does not yet answer the question which of
the both frames is the physical one and should be used.
We will investigate this problem in [52]. The third paper
of the series [53] will be devoted to several cosmological
applications of the results obtained in the present paper.
Basically, it will concern the effect of suppression of the
contributions of the Higgs propagators to the quantum
corrections, which is caused by the non-minimal coupling
between scalar fields and gravity, and the question of the
limits of the applicability of the perturbative expansion
in cosmology.
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Appendix A: Transfer Equations
Not all structures appearing in the calculations are independent. Neglecting surface terms and making use of the
Bianchi identities, one can convert certain structures into others via integration by parts. In such a way one can
reduce the number of different structures in (45) to a minimum. The “transfer equations” below describe explicitly
how the contributions of the dependent structures are distributed among the minimal set of independent structures:
F Φa µ;µ na → −F ′ Γ4 −
F
ϕ
(Γ3 − Γ4) (A1)
F Φa;µνΦ
; µν
a → F ′ Γ21 − F (Γ7 − Γ17) +
F ′
ϕ
Γ15 − 1
2
(F ′
ϕ
− F ′′
)
Γ14 +
1
2
F ′ Γ19 − 1
2
F ′
ϕ
Γ12 (A2)
F Φa;µν naΦ
b; µν nb →
(
4
F
ϕ2
− 5
2
F ′
ϕ
+
1
2
F ′′
)
Γ13 +
(
2
F ′
ϕ
− 4 F
ϕ2
)
Γ16 +
(3
2
F ′ − 3 F
ϕ
)
Γ20
+
(1
2
F ′
ϕ
− F
ϕ2
)
Γ14 + 2
F
ϕ
Γ21 − F Γ8 + F
ϕ
Γ19 + F Γ18 +
F
ϕ2
Γ15 (A3)
F Φa;µν na Φ
b, µ Φ, νb → −
1
2
(F
ϕ
− F ′
)
Γ14 +
(F
ϕ
− F ′
)
Γ16 − F Γ21 + 1
2
F Γ19 +
1
2
F
ϕ
Γ12 − F
ϕ
Γ15 (A4)
F Φa;µνΦ
, µ
a Φ
, ν
b n
b → 1
2
(F
ϕ
− F ′
)
Γ14 − F
2
Γ19 − 1
2
F
ϕ
Γ12 (A5)
F Φa;µν na Φ
, µ
b n
bΦ, νc n
c → 1
2
(
3
F
ϕ
− F ′
)
Γ13 − F
ϕ
Γ16 − 1
2
F Γ20 − 1
2
F
ϕ
Γ14 (A6)
13
F Rµν Φa;µν na →
(F
ϕ
− F ′
)
Γ8 − 1
2
(F
ϕ
− F ′
)
Γ10 − F
ϕ
Γ7 +
1
2
F Γ11 +
1
2
F
ϕ
Γ9 (A7)
F RµνρσRµνρσ → 4F Γ5 − F Γ6 . (A8)
The last equation is a topological invariant, the Gauß -Bonnet identity. In the single field limit (see TABLE I)
the other seven transfer equations reduce to the three reduction formulae given in [54]. In principle, even more
scalar invariants composed of different scalar contractions between derivatives ∇µ and field variables (gµν , Φa)
(containing up to four derivatives) can appear at the one-loop level, but they do not occur in our calculations using
the Schwinger-DeWitt algorithm.
Appendix B: Gradient Structures
As already explained in the main text, the coefficients αi, i = 12, ..., 21, all corresponding to the symbolical
structure ∂4ΦΦΦΦ, are additionally suppressed compared to (48)-(58) and thus less important. However, for the
sake of completeness we also want to list the remaining coefficients in a closed form.
The coefficient α12 in front of the structure (Φ
a
, µΦ
, µ
a )
2 :
α12 = s
2
(
25 (U ′)
8
48G2ϕ4U4
+
3 (U ′)
8
16U6
− (U
′)
7
4Gϕ3U4
− 3 (U
′)
7
8ϕU5
+
5G′ (U ′)
6
4G2ϕ3U3
− 11 (U
′)
6
72Gϕ4U3
− 9 (U
′)
6
8ϕ2U4
− 13G
′ (U ′)
5
12Gϕ2U3
− G
′ (U ′)
5
2U4
− 3U
′′ (U ′)
5
4Gϕ3U3
+
35 (U ′)
5
12ϕ3U3
+
13 (G′)
2
(U ′)
4
24G2ϕ2U2
− G
′ (U ′)
4
Gϕ3U2
+
15G′ (U ′)
4
8ϕU3
+
3G′′ (U ′)
4
8U3
− 695 (U
′)
4
432ϕ4U2
+
(G′)
2
(U ′)
3
8GϕU2
− 47G
′ (U ′)
3
18ϕ2U2
− 3G
′′ (U ′)
3
4ϕU2
+
3G′U ′′ (U ′)
3
4Gϕ2U2
− U
′′ (U ′)
3
4ϕ3U2
− (G
′)
3
(U ′)
2
4G2ϕU
+
139 (G′)
2
(U ′)
2
72Gϕ2U
+
(G′)
2
(U ′)
2
8U2
+
19G′ (U ′)
2
36ϕ3U
+
3G′G′′ (U ′)
2
4GϕU
+
(G′)
3
U ′
6GU
− (G
′)
2
U ′
12ϕU
− G
′G′′U ′
4U
+
G′U ′′U ′
4ϕ2U
+
(G′)
4
48G2
− 7 (G
′)
3
24Gϕ
+
11 (G′)
2
24ϕ2
+
(G′′)
2
8
− (G
′)
2
G′′
8G
+
G′G′′
2ϕ
)
+ s
(
− 25 (U
′)
6
72G2ϕ4U3
− (U
′)
6
8U5
+
(U ′)
5
6Gϕ3U3
− 37 (U
′)
5
8ϕU4
+
5G′ (U ′)
4
12G2ϕ3U2
− 43 (U
′)
4
216Gϕ4U2
+
21 (U ′)
4
4ϕ2U3
+
13G′ (U ′)
3
36Gϕ2U2
+
11G′ (U ′)
3
12U3
+
U ′′ (U ′)
3
2Gϕ3U2
+
3U ′′ (U ′)
3
2ϕU3
− 107 (U
′)
3
36ϕ3U2
+
77 (G′)
2
(U ′)
2
72G2ϕ2U
+
15G′ (U ′)
2
4Gϕ3U
− 15G
′ (U ′)
2
8ϕU2
− G
′′ (U ′)
2
8U2
− 3U
′′ (U ′)2
ϕ2U2
− (U
′)2
12ϕ4U
+
5 (G′)2 U ′
6GϕU
+
13G′U ′
6ϕ2U
− G
′U ′′U ′
4Gϕ2U
+
U ′′U ′
12ϕ3U
− (G
′)3
6G2ϕ
− 13 (G
′)2
12Gϕ2
− G
′G′′
4Gϕ
+
G′U ′′
2ϕU
)
+
25 (U ′)
4
432G2ϕ4U2
+
(U ′)
4
48U4
+
59 (U ′)
3
36Gϕ3U2
+
19 (U ′)
3
12ϕU3
− G
′ (U ′)
2
9G2ϕ3U
+
5 (U ′)
2
12Gϕ4U
+
17 (U ′)
2
3ϕ2U2
− 4G
′U ′
3Gϕ2U
− G
′U ′
4U2
− 5U
′′U ′
12Gϕ3U
− U
′′U ′
2ϕU2
− 5U
′
3ϕ3U
+
13GU ′
6ϕU2
+
(N − 1) (G′)2
2G2ϕ2
− 5 (G
′)
2
12G2ϕ2
− 7G
′
6ϕU
+
5U ′′
3ϕ2U
− G
2
4U2
(B1)
The coefficient α13 in front of the structure (Φ
a
, µnaΦ
b , µnb)
2 :
α13 = s
4
(
81 (U ′)
12
32U8
− 81U
′′ (U ′)
10
4U7
− 27G
′ (U ′)
9
8U6
+
243 (U ′′)
2
(U ′)
8
4U6
+
81G′U ′′ (U ′)
7
4U5
− 81 (U
′′)
3
(U ′)
6
U5
+
27 (G′)
2
(U ′)
6
16U4
− 81G
′ (U ′′)
2
(U ′)
5
2U4
+
81 (U ′′)
4
(U ′)
4
2U4
− 27 (G
′)
2
U ′′ (U ′)
4
4U3
− 3 (G
′)
3
(U ′)
3
8U2
+
27G′ (U ′′)
3
(U ′)
3
U3
+
27 (G′)
2
(U ′′)
2
(U ′)
2
4U2
+
3 (G′)
3
U ′′U ′
4U
+
(G′)
4
32
)
+ s3
(
− 3 (U
′)
10
2Gϕ2U6
+
45 (U ′)
10
8U7
− 81 (U
′)
9
8ϕU6
− 9G
′ (U ′)
8
4GϕU5
14
+
19U ′′ (U ′)
8
4Gϕ2U5
+
27U ′′ (U ′)
8
8U6
+
25 (U ′)
8
4ϕ2U5
+
G′ (U ′)
7
Gϕ2U4
− 15G
′ (U ′)
7
4U5
+
81U ′′ (U ′)
7
2ϕU5
+
5 (G′)
2
(U ′)
6
8GU4
+
155 (U ′′)
2
(U ′)
6
8Gϕ2U4
− 351 (U
′′)
2
(U ′)
6
4U5
+
39G′ (U ′)
6
8ϕU4
+
9G′′ (U ′)
6
8U4
+
3G′U ′′ (U ′)
6
GϕU4
− 305U
′′ (U ′)
6
12ϕ2U4
+
3 (G′)
2
(U ′)
5
2GϕU3
− 81 (U
′′)
2
(U ′)
5
2ϕU4
− 25G
′ (U ′)
5
6ϕ2U3
+
15G′U ′′ (U ′)
5
4Gϕ2U3
− 39G
′U ′′ (U ′)
5
4U4
+
261 (U ′′)
3
(U ′)
4
2U4
+
29 (G′)
2
(U ′)
4
24U3
+
93G′ (U ′′)
2
(U ′)
4
4GϕU3
+
803 (U ′′)
2
(U ′)
4
24ϕ2U3
+
(G′)
2
U ′′ (U ′)
4
GU3
− 8G
′U ′′ (U ′)
4
ϕU3
− 9G
′′U ′′ (U ′)
4
2U3
+
(G′)
2
(U ′)
3
8ϕU2
+
39G′ (U ′′)
2
(U ′)
3
U3
− 3G
′G′′ (U ′)
3
4U2
+
9 (G′)
2
U ′′ (U ′)
3
GϕU2
+
41G′U ′′ (U ′)
3
4ϕ2U2
− 27 (U
′′)
4
(U ′)
2
U3
+
3 (G′)
3
(U ′)
2
4GϕU
+
3 (G′)
2
(U ′)
2
4ϕ2U
− 31 (G
′)
2
(U ′′)
2
(U ′)
2
8GU2
+
13G′ (U ′′)
2
(U ′)
2
4ϕU2
+
9G′′ (U ′′)
2
(U ′)
2
2U2
+
41 (G′)
2
U ′′ (U ′)
2
24U2
− (G
′)
3
U ′
4U
− 9G
′ (U ′′)
3
U ′
U2
− 3 (G
′)
3
U ′′U ′
2GU
+
3 (G′)
2
U ′′U ′
2ϕU
+
3G′G′′U ′′U ′
2U
− (G
′)
4
8G
+
(G′)
3
8ϕ
− 13 (G
′)
2
(U ′′)
2
24U
+
1
8
(G′)
2
G′′
)
+ s2
(
25 (U ′)
8
16G2ϕ4U4
− 19 (U
′)
8
6Gϕ2U5
− 189 (U
′)
8
16U6
− 5 (U
′)
7
4Gϕ3U4
− 123 (U
′)
7
8ϕU5
+
15G′ (U ′)
6
4G2ϕ3U3
+
G′ (U ′)
6
4GϕU4
− U
′′ (U ′)
6
6Gϕ2U4
+
273U ′′ (U ′)
6
8U5
+
133 (U ′)
6
24Gϕ4U3
− 223 (U
′)
6
72ϕ2U4
− 25G
′ (U ′)
5
24Gϕ2U3
+
85G′ (U ′)
5
8U4
− 5G
′′ (U ′)
5
4GϕU3
− 15G
′U ′′ (U ′)
5
4G2ϕ2U3
− 33U
′′ (U ′)
5
4Gϕ3U3
+
87U ′′ (U ′)
5
4ϕU4
+
3U ′′′ (U ′)
5
4Gϕ2U3
− 3U
′′′ (U ′)
5
2U4
− 113 (U
′)
5
12ϕ3U3
+
(G′)
2
(U ′)
4
G2ϕ2U2
− 4 (G
′)
2
(U ′)
4
3GU3
− 55 (U
′′)
2
(U ′)
4
6Gϕ2U3
− 81 (U
′′)
2
(U ′)
4
8U4
+
5G′ (U ′)
4
2Gϕ3U2
+
167G′ (U ′)
4
24ϕU3
− 7G
′′ (U ′)
4
8U3
+
45G′U ′′ (U ′)
4
4GϕU3
+
881U ′′ (U ′)
4
36ϕ2U3
+
889 (U ′)
4
144ϕ4U2
− 7 (G
′)
2
(U ′)
3
8GϕU2
+
9 (U ′′)
2
(U ′)
3
2ϕU3
+
325G′ (U ′)
3
72ϕ2U2
− 8G
′′ (U ′)
3
3ϕU2
− 9 (G
′)
2
U ′′ (U ′)
3
2G2ϕU2
− 31G
′U ′′ (U ′)
3
2Gϕ2U2
− 25G
′U ′′ (U ′)
3
U3
− 13G
′′U ′′ (U ′)
3
4GϕU2
− 11U
′′ (U ′)
3
4ϕ3U2
− 3G
′U ′′′ (U ′)
3
4GϕU2
− 6U
′′U ′′′ (U ′)
3
U3
+
U ′′′ (U ′)
3
4ϕ2U2
− 3 (G
′)
3
(U ′)
2
2G2ϕU
− 39 (U
′′)
3
(U ′)
2
2U3
− 8 (G
′)
2
(U ′)
2
3Gϕ2U
− 19 (G
′)
2
(U ′)
2
8U2
− 43G
′ (U ′′)
2
(U ′)
2
4GϕU2
− 713 (U
′′)
2
(U ′)
2
72ϕ2U2
− 31G
′ (U ′)
2
12ϕ3U
− 125 (G
′)
2
U ′′ (U ′)
2
24GU2
− 2G
′U ′′ (U ′)
2
3ϕU2
+
7G′′U ′′ (U ′)
2
4U2
− G
′U ′′′ (U ′)
2
2U2
− (G
′)
3
U ′
8GU
− 23 (G
′)
2
U ′
12ϕU
+
17G′ (U ′′)
2
U ′
2U2
− G
′G′′U ′
4U
+
3 (G′)
3
U ′′U ′
4G2U
− 4G
′U ′′U ′
3ϕ2U
+
3G′G′′U ′′U ′
2GU
+
23G′′U ′′U ′
12ϕU
− G
′U ′′′U ′
4ϕU
+
3 (G′)
4
16G2
+
9 (U ′′)
4
2U2
+
(G′)
3
8Gϕ
+
5 (G′)
2
8ϕ2
+
(G′′)
2
8
+
13 (G′)
2
(U ′′)
2
24GU
− 5G
′ (U ′′)
2
2ϕU
− 3G
′′ (U ′′)
2
2U
+
(G′)
2
G′′
8G
+
3G′G′′
4ϕ
+
(G′)
2
U ′′
2U
)
+ s
(
− 25 (U
′)
6
24G2ϕ4U3
− 35 (U
′)
6
9Gϕ2U4
+
61 (U ′)
6
8U5
+
7G′ (U ′)
5
8G2ϕ2U3
− 37 (U
′)
5
6Gϕ3U3
+
189 (U ′)
5
8ϕU4
+
5 (G′)
2
(U ′)
4
8G3ϕ2U2
− 3G
′ (U ′)
4
8G2ϕ3U2
− 11G
′ (U ′)
4
12GϕU3
− 5G
′′ (U ′)
4
8G2ϕ2U2
+
16U ′′ (U ′)
4
9Gϕ2U3
− 227U
′′ (U ′)
4
8U4
− 79 (U
′)
4
72Gϕ4U2
+
521 (U ′)
4
27ϕ2U3
− 5 (G
′)
2
(U ′)
3
2G2ϕU2
− 56G
′ (U ′)
3
9Gϕ2U2
− 13G
′ (U ′)
3
2U3
− 19G
′′ (U ′)
3
12GϕU2
+
G′U ′′ (U ′)
3
G2ϕ2U2
+
3U ′′ (U ′)
3
2Gϕ3U2
− 95U
′′ (U ′)
3
2ϕU3
− U
′′′ (U ′)
3
2Gϕ2U2
+
3U ′′′ (U ′)
3
U3
+
101 (U ′)
3
36ϕ3U2
+
3 (G′)
3
(U ′)
2
4G3ϕU
+
17 (G′)
2
(U ′)
2
8G2ϕ2U
+
(G′)
2
(U ′)
2
4GU2
+
101 (U ′′)
2
(U ′)
2
72Gϕ2U2
+
53 (U ′′)
2
(U ′)
2
2U3
+
11G′ (U ′)
2
8Gϕ3U
− 433G
′ (U ′)
2
36ϕU2
− 41G
′′ (U ′)
2
24Gϕ2U
+
G′′ (U ′)
2
U2
− 17G
′U ′′ (U ′)
2
6GϕU2
− 21U
′′ (U ′)
2
4ϕ2U2
+
3U ′′′ (U ′)
2
ϕU2
+
(U ′)
2
4ϕ4U
+
3 (G′)
3
U ′
8G2U
+
17 (G′)
2
U ′
12GϕU
15
+
3 (U ′′)
2
U ′
2ϕU2
− 17G
′U ′
12ϕ2U
+
G′G′′U ′
4GU
− G
′′U ′
2ϕU
+
3 (G′)
2
U ′′U ′
2G2ϕU
+
17G′U ′′U ′
4Gϕ2U
+
27G′U ′′U ′
2U2
+
13G′′U ′′U ′
12GϕU
− 5U
′′U ′
12ϕ3U
+
G′U ′′′U ′
4GϕU
− U
′′U ′′′U ′
U2
− U
′′′U ′
12ϕ2U
− (G
′)
4
8G3
− (G
′)
3
8G2ϕ
− (U
′′)
3
2U2
+
23 (G′)
2
24U
− (G
′)
2
4Gϕ2
− (G
′′)
2
4G
+
G′ (U ′′)
2
GϕU
+
(U ′′)
2
6ϕ2U
− (G
′)
2
G′′
8G2
− G
′G′′
2Gϕ
+
(G′)
2
U ′′
2GU
+
25G′U ′′
12ϕU
− G
′U ′′′
U
)
+
25 (U ′)
4
144G2ϕ4U2
+
46 (U ′)
4
27Gϕ2U3
+
85 (U ′)
4
8U4
− (G
′)
3
4G3ϕ
− 7G
′ (U ′)
3
24G2ϕ2U2
+
133 (U ′)
3
36Gϕ3U2
+
3 (U ′)
3
4ϕU3
− 23 (G
′)
2
24GU
− (G
′)
2
2G2ϕ2
− 5 (G
′)
2
(U ′)
2
24G3ϕ2U
− 7G
′ (U ′)
2
24G2ϕ3U
− 89G
′ (U ′)
2
36GϕU2
− (U
′)
2
4Gϕ4U
+
3 (U ′)
2
2ϕ2U2
− (U
′′)
2
6Gϕ2U
+
9 (U ′′)
2
2U2
− (G
′)
2
U ′
2G2ϕU
− 19G
′U ′
12Gϕ2U
+
5 (U ′)
2
G′′
24G2ϕ2U
+
U ′G′′
2GϕU
− 9 (U
′)
2
U ′′
4Gϕ2U2
− 3 (U
′)
2
U ′′
4U3
+
11G′U ′′
12GϕU
+
G′U ′U ′′
12G2ϕ2U
+
5U ′U ′′
12Gϕ3U
− 6U
′U ′′
ϕU2
+
U ′U ′′′
12Gϕ2U
− U
′U ′′′
U2
+
(N − 1) (G′)2
8G2ϕ2
+
(N − 1) (G′)3
8G3ϕ
+
(N − 1) (G′)4
32G4
− (N − 1)G
′G′′
4G2ϕ
− (N − 1) (G
′)
2
G′′
8G3
+
(N − 1) (G′′)2
8G2
(B2)
The coefficient α14 in front of the structure (Φ
a
, µΦ
, µ
a ) (Φ
c
, νncΦ
d , νnd) :
α14 = s
3
(
(U ′)
10
2Gϕ2U6
− 9 (U
′)
10
8U7
+
9 (U ′)
9
8ϕU6
+
3G′ (U ′)
8
4GϕU5
− 19U
′′ (U ′)
8
12Gϕ2U5
+
9U ′′ (U ′)
8
2U6
+
29 (U ′)
8
12ϕ2U5
− G
′ (U ′)
7
3Gϕ2U4
+
9G′ (U ′)
7
4U5
− 9U
′′ (U ′)
7
2ϕU5
− 5 (G
′)
2
(U ′)
6
24GU4
− 155 (U
′′)
2
(U ′)
6
24Gϕ2U4
− 9 (U
′′)
2
(U ′)
6
2U5
− 19G
′ (U ′)
6
8ϕU4
− 9G
′′ (U ′)
6
8U4
− G
′U ′′ (U ′)
6
GϕU4
− 343U
′′ (U ′)
6
36ϕ2U4
− (G
′)
2
(U ′)
5
2GϕU3
+
9 (U ′′)
2
(U ′)
5
2ϕU4
− 29G
′ (U ′)
5
18ϕ2U3
− 5G
′U ′′ (U ′)
5
4Gϕ2U3
− 15G
′U ′′ (U ′)
5
2U4
− 95 (G
′)
2
(U ′)
4
72U3
− 31G
′ (U ′′)
2
(U ′)
4
4GϕU3
+
493 (U ′′)
2
(U ′)
4
72ϕ2U3
− (G
′)
2
U ′′ (U ′)
4
3GU3
+
26G′U ′′ (U ′)
4
3ϕU3
+
9G′′U ′′ (U ′)
4
2U3
+
29 (G′)
2
(U ′)
3
24ϕU2
+
6G′ (U ′′)
2
(U ′)
3
U3
+
3G′G′′ (U ′)
3
4U2
− 3 (G
′)
2
U ′′ (U ′)
3
GϕU2
+
31G′U ′′ (U ′)
3
12ϕ2U2
− (G
′)
3
(U ′)
2
4GϕU
+
(G′)
2
(U ′)
2
4ϕ2U
+
31 (G′)
2
(U ′′)
2
(U ′)
2
24GU2
− 121G
′ (U ′′)
2
(U ′)
2
12ϕU2
− 9G
′′ (U ′′)
2
(U ′)
2
2U2
+
43 (G′)
2
U ′′ (U ′)
2
18U2
+
(G′)
3
U ′
4U
+
(G′)
3
U ′′U ′
2GU
− 7 (G
′)
2
U ′′U ′
2ϕU
− 3G
′G′′U ′′U ′
2U
+
(G′)
4
24G
− 7 (G
′)
3
24ϕ
− 5 (G
′)
2
(U ′′)
2
72U
− 1
8
(G′)
2
G′′
)
+ s2
(
− 25 (U
′)8
24G2ϕ4U4
− 13 (U
′)8
9Gϕ2U5
− 15 (U
′)8
2U6
+
(U ′)7
2Gϕ3U4
+
39 (U ′)7
4ϕU5
− 5G
′ (U ′)6
2G2ϕ3U3
+
7G′ (U ′)6
12GϕU4
− 7U
′′ (U ′)6
9Gϕ2U4
+
141U ′′ (U ′)
6
8U5
+
11 (U ′)
6
36Gϕ4U3
− 185 (U
′)
6
54ϕ2U4
+
127G′ (U ′)
5
72Gϕ2U3
+
11G′ (U ′)
5
8U4
− 5G
′′ (U ′)
5
12GϕU3
+
5G′U ′′ (U ′)
5
4G2ϕ2U3
+
3U ′′ (U ′)
5
2Gϕ3U3
− 111U
′′ (U ′)
5
4ϕU4
− 3U
′′′ (U ′)
5
4Gϕ2U3
− 35 (U
′)
5
6ϕ3U3
− 7 (G
′)
2
(U ′)
4
8G2ϕ2U2
+
17 (G′)
2
(U ′)
4
18GU3
+
55 (U ′′)
2
(U ′)
4
18Gϕ2U3
− 27 (U
′′)
2
(U ′)
4
4U4
+
2G′ (U ′)
4
Gϕ3U2
− 47G
′ (U ′)
4
9ϕU3
+
G′′ (U ′)
4
U3
− 131G
′U ′′ (U ′)
4
12GϕU3
+
1249U ′′ (U ′)
4
108ϕ2U3
+
695 (U ′)
4
216ϕ4U2
− (G
′)
2
(U ′)
3
4GϕU2
+
39 (U ′′)
2
(U ′)
3
2ϕU3
+
1307G′ (U ′)
3
216ϕ2U2
+
31G′′ (U ′)
3
36ϕU2
+
3 (G′)
2
U ′′ (U ′)
3
2G2ϕU2
− 11G
′U ′′ (U ′)
3
12Gϕ2U2
+
29G′U ′′ (U ′)
3
4U3
− 13G
′′U ′′ (U ′)
3
12GϕU2
+
U ′′ (U ′)
3
2ϕ3U2
+
3G′U ′′′ (U ′)
3
4GϕU2
− U
′′′ (U ′)
3
4ϕ2U2
+
3 (G′)
3
(U ′)
2
4G2ϕU
− 97 (G
′)
2
(U ′)
2
24Gϕ2U
+
2 (G′)
2
(U ′)
2
3U2
+
25G′ (U ′′)
2
(U ′)
2
4GϕU2
− 583 (U
′′)
2
(U ′)
2
216ϕ2U2
− 19G
′ (U ′)
2
18ϕ3U
− 7G
′G′′ (U ′)
2
4GϕU
+
143 (G′)
2
U ′′ (U ′)
2
72GU2
− 6G
′U ′′ (U ′)
2
ϕU2
16
− 17G
′′U ′′ (U ′)
2
4U2
− 11 (G
′)
3
U ′
24GU
− 2 (G
′)
2
U ′
9ϕU
− 13G
′ (U ′′)
2
U ′
2U2
+
G′G′′U ′
2U
− (G
′)
3
U ′′U ′
4G2U
+
2 (G′)
2
U ′′U ′
GϕU
+
5G′U ′′U ′
12ϕ2U
+
G′G′′U ′′U ′
2GU
+
23G′′U ′′U ′
36ϕU
+
G′U ′′′U ′
4ϕU
− (G
′)
4
12G2
+
5 (G′)
3
6Gϕ
− 3 (G
′)
2
4ϕ2
− (G
′′)
2
4
− 49 (G
′)
2
(U ′′)
2
72GU
+
49G′ (U ′′)
2
18ϕU
+
3G′′ (U ′′)
2
2U
+
(G′)
2
G′′
3G
− 11G
′G′′
12ϕ
− 2 (G
′)
2
U ′′
3U
)
+ s
(
25 (U ′)
6
36G2ϕ4U3
+
43 (U ′)
6
54Gϕ2U4
+
12 (U ′)
6
U5
+
5G′ (U ′)
5
24G2ϕ2U3
− (U
′)
5
3Gϕ3U3
− 7 (U
′)
5
ϕU4
− 5 (G
′)
2
(U ′)
4
24G3ϕ2U2
− 5G
′ (U ′)
4
24G2ϕ3U2
− 47G
′ (U ′)4
36GϕU3
+
5G′′ (U ′)4
8G2ϕ2U2
+
79U ′′ (U ′)4
54Gϕ2U3
− 157U
′′ (U ′)4
8U4
+
43 (U ′)4
108Gϕ4U2
− 3281 (U
′)4
324ϕ2U3
− (G
′)2 (U ′)3
G2ϕU2
+
137G′ (U ′)3
108Gϕ2U2
− 4G
′ (U ′)
3
3U3
+
41G′′ (U ′)
3
36GϕU2
− 5G
′U ′′ (U ′)
3
6G2ϕ2U2
− U
′′ (U ′)
3
Gϕ3U2
+
23U ′′ (U ′)
3
ϕU3
+
U ′′′ (U ′)
3
2Gϕ2U2
+
3U ′′′ (U ′)
3
2U3
+
107 (U ′)
3
18ϕ3U2
− (G
′)
3
(U ′)
2
4G3ϕU
− 25 (G
′)
2
(U ′)
2
9G2ϕ2U
− 11 (G
′)
2
(U ′)
2
12GU2
− 65 (U
′′)
2
(U ′)
2
216Gϕ2U2
+
15 (U ′′)
2
(U ′)
2
4U3
− 139G
′ (U ′)
2
24Gϕ3U
+
1231G′ (U ′)
2
216ϕU2
+
G′G′′ (U ′)
2
2G2ϕU
+
41G′′ (U ′)
2
24Gϕ2U
− G
′′ (U ′)
2
24U2
+
35G′U ′′ (U ′)
2
6GϕU2
+
145U ′′ (U ′)
2
108ϕ2U2
− 3U
′′′ (U ′)
2
ϕU2
+
(U ′)
2
6ϕ4U
− (G
′)
3
U ′
8G2U
− 79 (G
′)
2
U ′
36GϕU
− 11 (U
′′)
2
U ′
2ϕU2
− 41G
′U ′
12ϕ2U
+
G′G′′U ′
4GU
+
7G′′U ′
6ϕU
− (G
′)
2
U ′′U ′
2G2ϕU
+
4G′U ′′U ′
9Gϕ2U
− 2G
′U ′′U ′
U2
+
13G′′U ′′U ′
36GϕU
− U
′′U ′
6ϕ3U
− G
′U ′′′U ′
4GϕU
+
U ′′′U ′
12ϕ2U
+
(G′)
4
24G3
+
11 (G′)
3
24G2ϕ
− 19 (G
′)
2
72U
+
3 (G′)
2
2Gϕ2
− (G
′′)
2
12G
− 11G
′ (U ′′)
2
9GϕU
− (G
′)
2
G′′
24G2
− G
′G′′
12Gϕ
− (G
′)
2
U ′′
2GU
+
7G′U ′′
36ϕU
+
2G′′U ′′
3U
+
G′U ′′′
2U
)
− 25 (U
′)
4
216G2ϕ4U2
− 10 (U
′)
4
81Gϕ2U3
− 25 (U
′)
4
8U4
− 5G
′ (U ′)
3
72G2ϕ2U2
− 53 (U
′)
3
18Gϕ3U2
− 6 (U
′)
3
ϕU3
+
5 (G′)
2
(U ′)
2
72G3ϕ2U
+
25G′ (U ′)
2
72G2ϕ3U
+
55G′ (U ′)2
108GϕU2
− 5G
′′ (U ′)2
24G2ϕ2U
+
125U ′′ (U ′)2
108Gϕ2U2
+
53U ′′ (U ′)2
12U3
− (U
′)2
6Gϕ4U
− 27 (U
′)2
2ϕ2U2
− 3G (U
′)2
U3
+
(G′)2 U ′
2G2ϕU
+
35G′U ′
12Gϕ2U
+
15G′U ′
4U2
− G
′′U ′
2GϕU
+
5G′U ′′U ′
36G2ϕ2U
+
U ′′U ′
6Gϕ3U
+
83U ′′U ′
6ϕU2
− U
′′′U ′
12Gϕ2U
− U
′′′U ′
2U2
− 2GU
′
ϕU2
+
(G′)
3
12G3ϕ
+
55 (G′)
2
72GU
+
3 (G′)
2
4G2ϕ2
− (U
′′)
2
3U2
+
G′
ϕU
− G
′G′′
6G2ϕ
− G
′′
U
− 37G
′U ′′
36GϕU
+
2GU ′′
U2
− (N − 1) (G
′)
2
2G2ϕ2
− (N − 1) (G
′)
3
4G3ϕ
+
(N − 1)G′G′′
2G2ϕ
(B3)
The coefficient α15 in front of the structure Φ
a
, µΦa , νΦ
b , µΦ, νb :
α15 = s
2
(
25 (U ′)
8
24G2ϕ4U4
+
3 (U ′)
8
8U6
− 3 (U
′)
7
ϕU5
+
5G′ (U ′)
6
2G2ϕ3U3
+
205 (U ′)
6
36Gϕ4U3
+
9 (U ′)
6
ϕ2U4
+
5G′ (U ′)
5
6Gϕ2U3
+
G′ (U ′)
5
2U4
− 12 (U
′)
5
ϕ3U3
+
13 (G′)
2
(U ′)
4
12G2ϕ2U2
+
6G′ (U ′)
4
Gϕ3U2
− 3G
′ (U ′)
4
ϕU3
+
1681 (U ′)
4
216ϕ4U2
+
(G′)
2
(U ′)
3
GϕU2
+
113G′ (U ′)
3
18ϕ2U2
− (G
′)
3
(U ′)
2
2G2ϕU
− 77 (G
′)
2
(U ′)
2
36Gϕ2U
+
(G′)
2
(U ′)
2
4U2
− 41G
′ (U ′)
2
18ϕ3U
− (G
′)
3
U ′
6GU
− 2 (G
′)
2
U ′
3ϕU
+
(G′)
4
24G2
+
(G′)
3
6Gϕ
+
(G′)
2
6ϕ2
)
+ s
(
− 25 (U
′)
6
36G2ϕ4U3
+
2 (U ′)
6
U5
− 5 (U
′)
5
2Gϕ3U3
+
(U ′)
5
2ϕU4
− 5G
′ (U ′)
4
3G2ϕ3U2
− 205 (U
′)
4
108Gϕ4U2
+
7 (U ′)
4
ϕ2U3
− 16G
′ (U ′)
3
9Gϕ2U2
− G
′ (U ′)
3
6U3
+
19 (U ′)
3
6ϕ3U2
− 31 (G
′)
2
(U ′)
2
36G2ϕ2U
− 2G
′ (U ′)
2
Gϕ3U
− 5G
′ (U ′)
2
2ϕU2
− (G
′)
2
U ′
3GϕU
− 11G
′U ′
6ϕ2U
+
(G′)
3
6G2ϕ
+
(G′)
2
4U
+
(G′)
2
3Gϕ2
)
17
+
25 (U ′)
4
216G2ϕ4U2
− 17 (U
′)
4
24U4
+
2 (U ′)
3
3Gϕ3U2
+
(U ′)
3
6ϕU3
+
G′ (U ′)
2
9G2ϕ3U
− (U
′)
2
3Gϕ4U
− 5 (U
′)
2
3ϕ2U2
+
G (U ′)
2
4U3
+
G′U ′
2Gϕ2U
+
U ′′U ′
3Gϕ3U
+
5U ′
3ϕ3U
− GU
′
6ϕU2
+
(G′)
2
6G2ϕ2
+
7G′
6ϕU
− 5U
′′
3ϕ2U
+
3G2
2U2
(B4)
The coefficient α16 in front of the structure Φ
a
,µnaΦ
b
,νnbΦ
c , µΦ, νc :
α16 = s
3
(
(U ′)
10
Gϕ2U6
− 9 (U
′)
10
4U7
+
9 (U ′)
9
ϕU6
+
3G′ (U ′)
8
2GϕU5
− 19U
′′ (U ′)
8
6Gϕ2U5
+
9U ′′ (U ′)
8
U6
− 26 (U
′)
8
3ϕ2U5
− 2G
′ (U ′)
7
3Gϕ2U4
− 36U
′′ (U ′)
7
ϕU5
− 5 (G
′)
2
(U ′)
6
12GU4
− 155 (U
′′)
2
(U ′)
6
12Gϕ2U4
− 9 (U
′′)
2
(U ′)
6
U5
− 5G
′ (U ′)
6
2ϕU4
− 2G
′U ′′ (U ′)
6
GϕU4
+
629U ′′ (U ′)
6
18ϕ2U4
− (G
′)
2
(U ′)
5
GϕU3
+
36 (U ′′)
2
(U ′)
5
ϕU4
+
52G′ (U ′)
5
9ϕ2U3
− 5G
′U ′′ (U ′)
5
2Gϕ2U3
+
3G′U ′′ (U ′)
5
U4
+
13 (G′)
2
(U ′)
4
36U3
− 31G
′ (U ′′)
2
(U ′)
4
2GϕU3
− 1451 (U
′′)
2
(U ′)
4
36ϕ2U3
− 2 (G
′)
2
U ′′ (U ′)
4
3GU3
− 2G
′U ′′ (U ′)
4
3ϕU3
− 4 (G
′)
2
(U ′)
3
3ϕU2
− 6G
′ (U ′′)
2
(U ′)
3
U3
− 6 (G
′)
2
U ′′ (U ′)
3
GϕU2
− 77G
′U ′′ (U ′)
3
6ϕ2U2
− (G
′)
3
(U ′)
2
2GϕU
− (G
′)
2
(U ′)
2
ϕ2U
+
31 (G′)
2
(U ′′)
2
(U ′)
2
12GU2
+
41G′ (U ′′)
2
(U ′)
2
6ϕU2
− 11 (G
′)
2
U ′′ (U ′)
2
9U2
+
(G′)
3
U ′′U ′
GU
+
2 (G′)
2
U ′′U ′
ϕU
+
(G′)
4
12G
+
(G′)
3
6ϕ
− 5 (G
′)
2
(U ′′)
2
36U
)
+ s2
(
− 25 (U
′)
8
12G2ϕ4U4
+
83 (U ′)
8
18Gϕ2U5
+
15 (U ′)
8
2U6
+
(U ′)
7
Gϕ3U4
+
9 (U ′)
7
ϕU5
− 5G
′ (U ′)
6
G2ϕ3U3
− 5G
′ (U ′)
6
6GϕU4
+
17U ′′ (U ′)
6
18Gϕ2U4
− 33U
′′ (U ′)
6
2U5
− 205 (U
′)
6
18Gϕ4U3
− 73 (U
′)
6
54ϕ2U4
− 17G
′ (U ′)
5
36Gϕ2U3
− 19G
′ (U ′)
5
4U4
+
5G′′ (U ′)
5
3GϕU3
+
5G′U ′′ (U ′)
5
2G2ϕ2U3
+
15U ′′ (U ′)
5
2Gϕ3U3
+
6U ′′ (U ′)
5
ϕU4
+
73 (U ′)
5
3ϕ3U3
− 7 (G
′)
2
(U ′)
4
4G2ϕ2U2
+
7 (G′)
2
(U ′)
4
18GU3
+
55 (U ′′)
2
(U ′)
4
9Gϕ2U3
− 19G
′ (U ′)
4
2Gϕ3U2
− 11G
′ (U ′)
4
18ϕU3
− G
′′ (U ′)
4
U3
− G
′U ′′ (U ′)
4
3GϕU3
− 973U
′′ (U ′)
4
27ϕ2U3
− 1681 (U
′)
4
108ϕ4U2
− 24 (U
′′)
2
(U ′)
3
ϕU3
− 1537G
′ (U ′)
3
108ϕ2U2
+
23G′′ (U ′)
3
9ϕU2
+
3 (G′)
2
U ′′ (U ′)
3
G2ϕU2
+
47G′U ′′ (U ′)
3
3Gϕ2U2
+
G′U ′′ (U ′)
3
U3
+
13G′′U ′′ (U ′)
3
3GϕU2
+
5U ′′ (U ′)
3
2ϕ3U2
+
3 (G′)
3
(U ′)
2
2G2ϕU
+
83 (G′)2 (U ′)2
12Gϕ2U
+
(G′)2 (U ′)2
3U2
+
9G′ (U ′′)2 (U ′)2
2GϕU2
+
1361 (U ′′)2 (U ′)2
108ϕ2U2
+
97G′ (U ′)2
18ϕ3U
+
G′G′′ (U ′)2
GϕU
+
29 (G′)
2
U ′′ (U ′)
2
9GU2
+
20G′U ′′ (U ′)
2
3ϕU2
+
2G′′U ′′ (U ′)
2
U2
+
7 (G′)
3
U ′
12GU
+
26 (G′)
2
U ′
9ϕU
+
2G′ (U ′′)
2
U ′
U2
− (G
′)
3
U ′′U ′
2G2U
− 2 (G
′)
2
U ′′U ′
GϕU
+
2G′U ′′U ′
3ϕ2U
− 2G
′G′′U ′′U ′
GU
− 23G
′′U ′′U ′
9ϕU
− (G
′)
4
6G2
− 5 (G
′)
3
6Gϕ
− (G
′)
2
2ϕ2
+
5 (G′)
2
(U ′′)
2
36GU
− 2G
′ (U ′′)
2
9ϕU
− (G
′)
2
G′′
3G
− G
′G′′
3ϕ
+
2 (G′)
2
U ′′
3U
)
+ s
(
25 (U ′)
6
18G2ϕ4U3
+
167 (U ′)
6
54Gϕ2U4
− 9 (U
′)
6
U5
− 13G
′ (U ′)
5
12G2ϕ2U3
+
53 (U ′)
5
6Gϕ3U3
− 25 (U
′)
5
2ϕU4
− 5 (G
′)
2
(U ′)
4
12G3ϕ2U2
+
11G′ (U ′)
4
6G2ϕ3U2
+
20G′ (U ′)
4
9GϕU3
− 175U
′′ (U ′)
4
54Gϕ2U3
+
13U ′′ (U ′)
4
2U4
+
151 (U ′)
4
54Gϕ4U2
− 1735 (U
′)
4
81ϕ2U3
+
7 (G′)
2
(U ′)
3
2G2ϕU2
+
172G′ (U ′)
3
27Gϕ2U2
+
17G′ (U ′)
3
6U3
+
4G′′ (U ′)
3
9GϕU2
− G
′U ′′ (U ′)
3
6G2ϕ2U2
− U
′′ (U ′)
3
Gϕ3U2
+
23U ′′ (U ′)
3
ϕU3
− 161 (U
′)
3
18ϕ3U2
− (G
′)
3
(U ′)
2
2G3ϕU
+
4 (G′)
2
(U ′)
2
9G2ϕ2U
+
2 (G′)
2
(U ′)
2
3GU2
− 119 (U
′′)
2
(U ′)
2
108Gϕ2U2
+
3 (U ′′)
2
(U ′)
2
U3
+
8G′ (U ′)
2
3Gϕ3U
+
289G′ (U ′)
2
27ϕU2
− G
′G′′ (U ′)
2
2G2ϕU
− G
′′ (U ′)
2
3U2
− 3G
′U ′′ (U ′)
2
GϕU2
18
+
373U ′′ (U ′)
2
54ϕ2U2
− (U
′)
2
3ϕ4U
− (G
′)
3
U ′
4G2U
+
5 (G′)
2
U ′
18GϕU
+
4 (U ′′)
2
U ′
ϕU2
+
9G′U ′
2ϕ2U
− G
′G′′U ′
2GU
− 2G
′′U ′
3ϕU
− (G
′)
2
U ′′U ′
G2ϕU
− 40G
′U ′′U ′
9Gϕ2U
− 9G
′U ′′U ′
2U2
− 13G
′′U ′′U ′
9GϕU
+
U ′′U ′
2ϕ3U
+
(G′)
4
12G3
− (G
′)
3
3G2ϕ
− 25 (G
′)
2
36U
− (G
′)
2
2Gϕ2
+
(G′′)
2
3G
+
2G′ (U ′′)
2
9GϕU
− (U
′′)
2
6ϕ2U
+
(G′)
2
G′′
6G2
+
5G′G′′
6Gϕ
− 25G
′U ′′
9ϕU
− 2G
′′U ′′
3U
)
− 25 (U
′)
4
108G2ϕ4U2
− 128 (U
′)
4
81Gϕ2U3
+
9 (U ′)
4
4U4
+
13G′ (U ′)
3
36G2ϕ2U2
− 55 (U
′)
3
18Gϕ3U2
+
7 (U ′)
3
2ϕU3
+
5 (G′)
2
(U ′)
2
36G3ϕ2U
− G
′ (U ′)
2
18G2ϕ3U
+
53G′ (U ′)
2
27GϕU2
+
59U ′′ (U ′)
2
54Gϕ2U2
− 2U
′′ (U ′)
2
3U3
+
(U ′)
2
3Gϕ4U
+
8 (U ′)
2
ϕ2U2
+
19G (U ′)
2
2U3
− G
′U ′
2Gϕ2U
− 13G
′U ′
2U2
− 2G
′U ′′U ′
9G2ϕ2U
− U
′′U ′
2Gϕ3U
− 22U
′′U ′
3ϕU2
+
(G′)
3
6G3ϕ
+
7 (G′)
2
36GU
+
(U ′′)
2
6Gϕ2U
− 2 (U
′′)
2
3U2
− G
′
ϕU
+
G′G′′
6G2ϕ
+
G′′
U
+
G′U ′′
9GϕU
(B5)
The coefficient α17 in front of the structure Φ
a µ
;µ Φ
ν
a; ν :
α17 = s
(
− (U
′)4
4GU2ϕ2
− G
′U ′
2U
+
(G′)2
4G
− (U
′)2
12Uϕ2
− 3 (U
′)4
4U3
)
+
(U ′)2
12GUϕ2
− U
′
Uϕ
+
(U ′)2
4U2
(B6)
The coefficient α18 in front of the structure (Φ
c µ
;µ nc)
2 :
α18 = s
2
(
9G′ (U ′)
3
4U2
+
(G′)
2
8
+
81 (U ′)
6
8U4
)
+ s
(
(U ′)
4
4GU2ϕ2
− (G
′)
2
4G
+
(U ′)
2
12Uϕ2
− 27 (U
′)
4
4U3
)
− (U
′)
2
12GUϕ2
+
U ′
Uϕ
+
13 (U ′)
2
2U2
− U
′′
U
+
(N − 1) (G′)2
8G2
(B7)
The coefficient α19 in front of the structure (Φ
a
, µΦ
, µ
a )(Φ
b ν
; ν nb) :
α19 = s
2
(
− (U
′)
7
4Gϕ2U4
− 27 (U
′)
7
8U5
+
27 (U ′)
6
4ϕU4
− 3G
′ (U ′)
5
4GϕU3
− 3U
′′ (U ′)
5
4Gϕ2U3
− (U
′)
5
12ϕ2U3
+
15G′ (U ′)
4
8U3
+
3 (G′)
2
(U ′)
3
8GU2
− 7G
′ (U ′)
3
4ϕU2
− 9G
′′ (U ′)
3
4U2
+
3G′U ′′ (U ′)
3
4GϕU2
− U
′′ (U ′)
3
4ϕ2U2
− 3 (G
′)
2
(U ′)
2
4GϕU
+
G′U ′′U ′
4ϕU
+
(G′)
3
8G
− (G
′)
2
2ϕ
− G
′G′′
4
)
+ s
(
(U ′)5
6Gϕ2U3
+
15 (U ′)5
8U4
+
5G′ (U ′)4
8G2ϕ2U2
− 2 (U
′)4
ϕU3
+
3G′ (U ′)3
4GϕU2
+
U ′′ (U ′)3
2Gϕ2U2
+
3U ′′ (U ′)3
2U3
+
37 (U ′)3
36ϕ2U2
+
3 (G′)2 (U ′)2
4G2ϕU
+
41G′ (U ′)
2
24Gϕ2U
− 3G
′ (U ′)
2
2U2
− 3U
′′ (U ′)
2
ϕU2
+
(G′)
2
U ′
4GU
+
G′U ′
ϕU
+
G′′U ′
2U
− G
′U ′′U ′
4GϕU
+
U ′′U ′
12ϕ2U
− (G
′)
3
8G2
+
G′U ′′
2U
)
+
53 (U ′)
3
36Gϕ2U2
− (U
′)
3
4U3
− 5G
′ (U ′)
2
24G2ϕ2U
+
14 (U ′)
2
ϕU2
− G
′U ′
2GϕU
− U
′′U ′
12Gϕ2U
− U
′′U ′
2U2
+
U ′
ϕ2U
+
2GU ′
U2
− (G
′)
2
4G2ϕ
− G
′
2U
− U
′′
ϕU
+
(N − 1) (G′)2
2G2ϕ
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The coefficient α20 in front of the structure (Φ
a
, µnaΦ
b , µnb)(Φ
c ν
; ν nc) :
α20 = s
3
(
81 (U ′)
9
8U6
− 81U
′′ (U ′)
7
2U5
− 45G
′ (U ′)
6
8U4
+
81 (U ′′)
2
(U ′)
5
2U4
+
9G′U ′′ (U ′)
4
U3
+
3 (G′)
2
(U ′)
3
8U2
+
9G′ (U ′′)
2
(U ′)
2
2U2
+
3 (G′)
2
U ′′U ′
2U
+
(G′)
3
8
)
+ s2
(
3 (U ′)
7
4Gϕ2U4
− 45 (U
′)
7
8U5
− 45 (U
′)
6
4ϕU4
− G
′ (U ′)
5
2GϕU3
+
9U ′′ (U ′)
5
2Gϕ2U3
+
135U ′′ (U ′)
5
4U4
+
(U ′)
5
4ϕ2U3
+
5G′ (U ′)
4
4Gϕ2U2
− 21G
′ (U ′)
4
8U3
+
9U ′′ (U ′)
4
ϕU3
− 3 (G
′)
2
(U ′)
3
8GU2
− 63 (U
′′)
2
(U ′)
3
2U3
+
4G′ (U ′)
3
3ϕU2
+
9G′′ (U ′)
3
4U2
− 13G
′U ′′ (U ′)
3
4GϕU2
+
3U ′′ (U ′)
3
2ϕ2U2
+
5G′ (U ′)
2
12ϕ2U
− 15G
′U ′′ (U ′)
2
4U2
− (G
′)
2
U ′
2U
+
3 (G′)
2
U ′′U ′
2GU
+
23G′U ′′U ′
12ϕU
+
(G′)
3
8G
+
3 (G′)2
4ϕ
− 3G
′ (U ′′)2
2U
+
G′G′′
4
)
+ s
(
7 (U ′)5
4Gϕ2U3
+
15 (U ′)5
8U4
− 11G
′ (U ′)4
8G2ϕ2U2
− (U
′)4
Gϕ3U2
+
3 (U ′)4
ϕU3
− 25G
′ (U ′)3
12GϕU2
− U
′′ (U ′)
3
Gϕ2U2
− 12U
′′ (U ′)
3
U3
− 7 (U
′)
3
3ϕ2U2
− 19G
′ (U ′)
2
8Gϕ2U
+
3G′ (U ′)
2
U2
− 3U
′′ (U ′)
2
ϕU2
− (U
′)
2
3ϕ3U
+
(G′)
2
U ′
2GU
+
15 (U ′′)
2
U ′
2U2
− G
′U ′
4ϕU
+
13G′U ′′U ′
12GϕU
+
U ′′U ′
6ϕ2U
− (G
′)
3
8G2
− (G
′)
2
2Gϕ
− G
′G′′
2G
)
− 13 (U
′)
3
6Gϕ2U2
− 29 (U
′)
3
4U3
+
11G′ (U ′)
2
24G2ϕ2U
+
(U ′)
2
3Gϕ3U
− 33 (U
′)
2
2ϕU2
+
G′U ′
4GϕU
− 3U
′
ϕ2U
− U
′U ′′
6Gϕ2U
+
33U ′U ′′
2U2
+
3U ′′
ϕU
− U
′′′
U
− (N − 1) (G
′)
2
4G2ϕ
− (N − 1) (G
′)
3
8G3
+
(N − 1)G′G′′
4G2
(B9)
The coefficient α21 in front of the structure Φ
a µ
;µ Φ
, ν
a Φ
b
, νnb :
α21 = s
2
(
− (U
′)
7
2Gϕ2U4
− 9 (U
′)
7
4U5
+
9 (U ′)
6
2ϕU4
+
5G′ (U ′)
5
4GϕU3
− 15U
′′ (U ′)
5
4Gϕ2U3
+
9U ′′ (U ′)
5
2U4
− (U
′)
5
6ϕ2U3
− 5G
′ (U ′)
4
4Gϕ2U2
− 3G
′ (U ′)
4
4U3
− 9U
′′ (U ′)
4
ϕU3
+
5G′ (U ′)
3
12ϕU2
+
5G′U ′′ (U ′)
3
2GϕU2
− 5U
′′ (U ′)
3
4ϕ2U2
+
3 (G′)
2
(U ′)
2
4GϕU
− 5G
′ (U ′)
2
12ϕ2U
+
3G′U ′′ (U ′)
2
U2
+
(G′)
2
U ′
4U
− 3 (G
′)
2
U ′′U ′
2GU
− 13G
′U ′′U ′
6ϕU
− (G
′)
3
4G
− (G
′)
2
4ϕ
)
+ s
(
− 23 (U
′)
5
12Gϕ2U3
+
3 (U ′)
5
4U4
+
3G′ (U ′)
4
4G2ϕ2U2
+
(U ′)
4
Gϕ3U2
− (U
′)
4
ϕU3
+
4G′ (U ′)
3
3GϕU2
+
U ′′ (U ′)
3
2Gϕ2U2
+
3U ′′ (U ′)
3
2U3
+
47 (U ′)
3
36ϕ2U2
− 3 (G
′)
2
(U ′)
2
4G2ϕU
+
2G′ (U ′)
2
3Gϕ2U
− G
′ (U ′)
2
2U2
+
6U ′′ (U ′)
2
ϕU2
+
(U ′)
2
3ϕ3U
− 3 (G
′)
2
U ′
4GU
− 3G
′U ′
4ϕU
− G
′′U ′
2U
− 5G
′U ′′U ′
6GϕU
− U
′′U ′
4ϕ2U
+
(G′)
3
4G2
+
(G′)
2
2Gϕ
+
G′G′′
2G
)
+
25 (U ′)
3
36Gϕ2U2
− G
′ (U ′)
2
4G2ϕ2U
− (U
′)
2
3Gϕ3U
+
5 (U ′)
2
2ϕU2
+
G′U ′
4GϕU
+
U ′′U ′
4Gϕ2U
− U
′′U ′
U2
+
2U ′
ϕ2U
− 13GU
′
2U2
+
(G′)
2
4G2ϕ
+
G′
U
− 2U
′′
ϕU
(B10)
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